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Abstract 

We prove the existence and uniqueness of the solutions of some 
very general type of degenerate complex Monge- Ampere equations, 
and investigate their regularity. This type of equations are precisely 
what is needed in order to construct Kahler-Einstein metrics over ir- 
reducible singular Kahler spaces with ample or trivial canonical sheaf 
and singular Kahler-Einstein metrics over varieties of general type. 
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1 Introduction 

In a celebrated paper |Yau| published in 1978, Yau solved the Calabi conjec- 
ture. As is well known, the problem of prescribing the Ricci curvature can be 
formulated in terms of non-degenerate complex Monge-Ampere equations. 
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Theorem 1.1 (Yau). Let X he a compact Kdhler manifold of complex di- 
mension n and let x be a Kdhler class. Then for any smooth density f > 
on X such that Jx'^ = /x there exists a unique (smooth) Kdhler metric 
a; G X (^-e. = t^o + iddip with cjq G x ) such that = {ujq + iddip)^ = v. 

Another breakthrough concerning the study of complex Monge-Ampere equa- 
tions was achieved by Bedford- Taylor |Be-Ta| . They initiated a new method 
for the study of very degenerate complex Monge-Ampere equations. In fact, 
by combining these results, Kolodziej |Koll| proved the existence of solutions 
for equations of type 

(u; + idd(pY = V , 

where uo a Kahler metric and f > a density in or in some general Orlicz 
spaces. However, in various geometric applications, it is necessary to consider 
the case where uj is merely semipositive. This more difficult situation has 
been examined first by Tsuji [^, and his technique has been reconsidered 
in the recent works |Ca-La| . |Ti-Zha| . |E-G-Z1| and |Pau| . 

In this paper we push further the techniques developed so far and we 
obtain some very general and sharp results on the existence, uniqueness and 
regularity of the solutions of degenerate complex Monge-Ampere equations. 
In order to define the relevant concept of uniqueness of the solutions, we 
introduce a suitable subset of the space of closed (1, l)-currents, namely the 
domain of definition BT of the complex Monge-Ampere operator "in the sense 
of Bedford- Taylor": a current is in BT if the the successive exterior powers 
can be computed as 

6'=+^ = idd{ipQ^), 

where is a potential of 6 and ipQ^ is locally of finite mass. Then for every 
pseudoeffective (1, l)-cohomology class x, we prove a monotone convergence 
result for exterior powers of currents in the subset 

BT^ := BTnx- 

The uniqueness of the solutions of the degenerate complex Monge-Ampere 
equations in a reasonable class of unbounded potentials has been a big issue 
and the object of intensive studies, see e.g. |Ti-Zha| . |Blol| . |E-G-Z1| . 
In this direction, we introduce the subset 

BT^°s C BT^, 

of (closed positive) currents T G BT^ which have a Monge-Ampere product 
T" possessing an L^-density such that 

/ - log(T"/l]) < +CX) , 
Jx 
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for some smooth volume form f2 > 0. For example this is the case when the 
current T"' possesses an L^-density with complex analytic singularities (see 
Theorem 16. ip . We observe that the Ricci operator is well defined in the class 

A 

In the last section we prove existence and fine regularity properties of the 
solutions of complex Monge-Ampere equations with respect to a given degen- 
erate metric uj >0, when the right hand side possesses an Llog"'"''^ L-density 
or a density carrying complex analytic singularities (see Theorems 16.21 and 
16.11) . As a consequence of this results, we derive the following generalization 
of Yau's theorem. 

Theorem 1.2 Let X be a compact Kdhler manifold of complex dimension n 
and let x be a (1, l)-cohomology class admitting a smooth closed semipositive 
(1, l)-form UJ such that J-^uj"- > 0. 

(A) For any L\o^^^ L-density v > e > Q such that J^t> = JxX"'f there 
exists a unique closed positive current T G BT^^ such that T" = v. Moreover, 
this current possesses bounded local potentials over X and continuous local 
potentials outside a complex analytic set T,^ G X . This set depends only on 
the class x (J,nd can be taken to be empty if the class x is Kdhler. 

(B) In the special case of a density v > possessing complex analytic sin- 
gularities the current T is also smooth outside the complex analytic subset 

U Z{v) C X, where Z{v) is the set of zeros and poles of v. 

The type of complex Monge-Ampere equation solved in Theorem 16.11 is pre- 
cisely what is needed in order to construct Kahler-Einstein metrics over irre- 
ducible singular Kahler spaces with ample or trivial canonical sheaf. It can 
be also used to construct singular Kahler-Einstein metrics over varieties of 
general type and to solve generalized equations of the form 

Ric(u;) = —\uj + p, A>0. 

The relevant L°°-estimate needed in the proof of Theorem l6.1l (in the case 
related with Kahler-Einstein metrics) is obtained combining the L°°-estimate 
in Statement (A) of Theorem 12.21 with an important iteration method in- 
vented by Yau |Yau| (see the Lemma [2.14^ . The main issue here is that 
one can not use directly the maximum principle since the reference metric is 
degenerate. 

The proof of our Laplacian estimate in Theorem 16.11 which is obtained 
as a combination of the ideas of in |Yau| . |Ts| . |Blo2| . provides in particular 
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a drastic simplification of Yau's most general argument for complex Monge- 
Ampere equations with degenerate right hand side. Moreover, it can be 
applied immediately to certain singular situations considered in |Pau| and 



it reduces the Laplacian estimate in |Pau| to a quite simple consequence 



(however, one should point out that the argument in |Pau| contains a gap 
due to the fact that the L^-norm of the exponential exp(^i ^ — ip2,e) of e- 
regularized quasi-plurisubharmonic functions need not be uniformly bounded 
in e under the assumption that exp{ipi — ip2) is L^, as our Lemma EH] clearly 
shows if we do not choose carefully the constant A there). Theorem 16.11 gives 
also some metric results for the geometry of varieties of general type. In this 
direction, we obtain the following results. 

Theorem 1.3 Let X be a smooth complex projective variety of general type. 
If the canonical bundle is nef, then there exists a unique closed positive cur- 
rent ujj^ G BT^2^^^(Xx) solution of the Einstein equation 

Ric(aj^) = -u^. (1.1) 

This current possesses bounded local potentials over X and defines a smooth 
Kdhler metric outside a complex analytic subset S, which is empty if and 
only if the canonical bundle is ample. 

The existence part has been studied in |Ca-La| and |Ti-Zha| by a Kahler- 
Ricci flow method. The importance of the uniqueness statement in Theorem 
11.31 is the following. If a current 

e BT'- 

satisfies the Einstein equation p. II) then it has bounded local potentials. In 
the non nef case we obtain the following statement. 

Theorem 1.4 Let X be a smooth variety of general type and let SB C S 6e 

respectively the stable and augmented stable base locus of the canonical bundle 
Kx. Then there exists a closed positive current oj^^ G 2tici{Kx) over X, with 
locally bounded potentials over X^SB , solution of the Einstein equation (11. ip 
over X \ SB, which restricts to a smooth {non-degenerate) Kdhler- Einstein 
metric over X \ Tj. IfuJ,^ has minimal singularities, thenuOj^ is unique in the 
class of currents with minimal singularities in 2nci{Kx). 

Quite recently Tian and Kolodziej |Ti-Ko| proved a very particular case 
of our L°°-estimate. Their method, which is completely different, is based 



on an idea developed in |De-Pa| . Our L°°-estimate allows us to completely 



solve the following conjecture of Tian stated in |Ti-Ko| . 
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Conjecture 1.5 Let {X,uJx) he a polarized compact connected Kdhler man- 
ifold of complex dimension n, let (Y, Uy) he a compact irreducihle Kdhler 
space of complex dimension m < n, let n : X Y he a surjective holo- 
morphic map and let < f & L log""*^^ u;^), for some e > such that 

1 = fx f^x- Set Kt := {■K*UY + tuJxY > for t e (0, 1). Then the solutions 
of the complex Monge-Ampere equations 

{-k^uoy + tux + tddiJtT = Ktfujl, 

satisfy the uniform L°° -estimate Osc{ipt) '■= ^'^Vxi^t — infx"^* < C < +oo 
for allte (0,1). 

The present manuscript expands and completes a paper accepted for pub- 
lication in the International Journal of Mathematics, which had to be short- 
ened in view of the length of the manuscript and of the demands of referees 
- in particular it gives more details about the relation with the existing lit- 
terature (see Appendix C). 

2 General L^-estimates for the solutions 

Let X be a compact connected complex manifold of complex dimension n 
and let 7 be a closed real (1, l)-current with continuous local potentials or 
a closed positive (1, l)-current with bounded local potentials. Then to any 
distribution \1/ on X such that 7 + idd'if > we can associate a unique 
locally integrable and bounded from above function ip : X [—00, +00) 
such that the corresponding distribution coincides with \1/ and such that for 
any continuous or plurisubharmonic local potential /i of 7 the function h-\-ip 
is plurisubharmonic. The set of functions ip obtained in this way will be 
denoted by V^. We set P° := {ip e \ snpx ^ = 0}. 

Definition 2.1 Let X he a compact complex manifold of complex dimen- 
sion n. A closed positive {l,l)-current with hounded local potentials such 
that {7}" := 7" > 0, will he called hig. 

If X is compact Kahler, one knows by |De-Pa| that the class {7} is big if and 
only if it contains a Kahler current T = 7 + iddip > eu (the inequality is in 
the sense of currents), for some Kahler metric u on X and e > 0. 

Basic facts about Orlicz spaces. Let P : ]R>o — > ^>o, -P(O) = 0, be 
a convex increasing function and 17 > be a smooth volume form over a 
manifold M and let X C M be a Borel set of r2-finite volume. According to 
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|Ra-Re| we introduce the vector space 

L^(X) := |/ : X M U {±00} | 3A > : J P(|/|/A) < +oo| , 
(with the usual identification of functions equal a.e.), equipped with the norm 

:= inf > I ^ ^(l/l A) 1^ < l| • 

The space L^{X) equipped with this norm is called the Orlicz space asso- 
ciated with the convex function P. Moreover this norm is order preserving, 
i.e 

if I/I < Ifi'l a.e. If P{t) = \t\^, P > 1, then L^{X) is the usual Lebesgue space. 
More refined examples of Orlicz spaces are given by the functions 

Pp:=t\og^{e + t), 

and 

Q, := e^'^' - 1 , 
with /3 > 1 . In these cases, we set 

Llog^L(X) := L^^{X), 

and 

Exp^/^L(X) ■.= L'^^{X). 

An important class of Orlicz spaces is given by considering functions P sat- 
isfying the "doubling property": P{2t) < 2'-^P(t) for some constant C > 1. 
This is the case of the functions \t\P and Pp{t), but not the case oiQisit). For 
functions satisfying the doubling condition one has (see proposition 6 page 
77 in |R,a.-R,e) ) 

L^(X) = |/ : X ^ M U {±00} I ^ P(|/|) < +oo| , 

and 

for all / G L^(X) \ {0}. So in the particular case of the function P^, one 
obtains the inequality 

< / l/|log"(e+||/|IZiV)l/l) (2-1) 
6 



since ^ ll/llLiog''L(x)- is quite hard to get precise estimates of 

the norm Exp^''^L(X), however it is easy to see that 

1 

" log^(l + l/Voln(X)) • ^^-^^ 

The relation between the Orlicz spaces Llog^L(X) and Exp^/^L(X) IS ex- 
pressed by the Holder inequality (see |Iw-Ma| ) 

< 2C^ ll/llLlog'3L(X) llfi'llExpi//3L(x) ' (2-3) 

which follows from the inequality xy < C/s^Pfs^x) + Qpiy)) for all x, y > 0. 
(Observe moreover that Ci = 1.) 

We define the oscillation operator Osc := sup — inf. With the notations 
so far introduced we state the following result. 

Theorem 2.2 Let X be a compact connected Kdhler manifold of complex 
dimension n, let > be a smooth volume form, let 'y be a big closed positive 
(1, l)-current with continuous local potentials. Let also i/j & f] L°°{X) be 
a solution of the degenerate complex Monge-Ampere equation 

{-f + iddij)'' = fn, 

with f G L log"'*'^'' L(X) for some Eq > 0. Then the following conclusions 
hold. 

(A) There exists a uniform constant Ci = Ci(£o;7;^) > such that for all 
e G (0, Eq] we have an estimate 

Osc(^)<(Ci/er'/^ /,,,(/)?+ 1, 

where 

heif) ■= {7}-" / / log"+^ (e + {7}-"/) ^ . 

X 

(B) Assume that the solution is normalized by the condition snpx ^ = 
and consider also a solution G "P^ fl L°°(X), snpx V = ^ of the degenerate 
complex Monge-Ampere equation 

(7 + i(9(9</?)" = gn, 
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with g G Llog^'^'^" L{X). Assume also I^^^oif)^ -^1,80(9) — ^ f^'^ some con- 
stant -fC > 0. Then there exists a constant C2 = 6*2(^0! 7) ^) -^) > such 
that 



< 2^2^° (log 11^ 



I"' 



"0 



{n + l + v?/eo) 



provided that the inequality \\ip — i^W^i^^ < min{l/2,e "-^^j holds. 

(C) Let (7f)t>o be a family of currents satisfying the same properties as 7, 

fix a finite covering {Ua)a of coordinate starshaped open sets, and let us write 

7( = iddht a with ht^a plurisubharmonic over Ua, normalised by sup^^ ht^a = 

and let Ci^t '■= Cil^^o, 7t; ^2,1 = C2{£oilt,^,K). Assume 

(CI) supj>omax„ \\ht,a\\L'^{Uc.) < +00 ".nd 

(C2a) there exist a decomposition of the type = Ot + iddut, with 6t smooth, 
minx = 0, sup^^o ^i^^^ < +^ '^^^ < {{lt]^Y^'^^ for some Kdhler 
metric > on X, 
or 

(C2b) the distributions 7"/^^ are represented by -functions and 



sup {7*}^" / log (e + {7*}~"7r/^) It < + 



00 , 



X 



Then sup^^Q Cj^t < +00 for j = 1,2. 

Statement (C) will follow from the arguments of the proof of Statements (A) 
and (B) of Theorem EH 

We start by proving a few basic facts about pluripotential theory, in a 
way which is best adapted for the understanding of the proof of the theorem 
I2.2[ The reader can also consult and compare with the related results in 
|Be-Ta| . |Deml| . |Dem2| . [G^ and [Sic] . 

Let X be a compact complex manifold of complex dimension n, let 7 be 
a big closed positive (1, l)-current with bounded local potentials. Set 

V,[0, 1] := e I < ^ < 1} , 

Jip '■= 1 + iddif and 

Cap,(E) := sup {7}-" / 7^ 



E 
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for all Borel sets E (Z X . We remark that if {Ej)j, Ej C -Ej+i C X is a 
family of Borel sets and E = Ej then clearly, we have 

CapjE) = lim Cap r^,) . (2.4) 

j-»+oo 

Lemma 2.3 Let X be a compact connected complex manifold of complex 
dimension n, let 'j be a closed real (1, l)-current with continuous local poten- 
tials or a closed positive {l,l)-current with bounded local potentials and let 
Q > be a smooth volume form. Then there exist constants a = a{'y,Q) > 0, 
C = C(7, n)>0 such that J^-ipn<C and e""'^ Vt<C for all ipeV^. 



(We notice that the first inequality follows from the second one.) The first 
two integral estimates of Lemma 12.31 are quite standard in the elementary 
theory of plurisubharmonic functions and the dependence of the constants a 
and C on 7 is only on the L°° bound of its local potentials (see e.g. |Hor| and 
|Skoda| ). To be more precise in sight of the uniform estimate e~°"^ Q < C 
one can make the constant a depending only on the cohomology class of 7 
as in |Til| . but in this case the constant C will depend on the L°° bound of 
the local potentials of 7 and on the volume form Q. One can also make C 
depending only on the volume form f2, but in this case a will depend on the 
L°° bound of the local potentials of 7 and on the volume form Q. 

The following lemma is the key technical tool which allows to deduce 
Statement (C) of Theorem 12.21 

Lemma 2.4 Let X be a compact connected Kdhler manifold of complex di- 
mension n and let 'j be a big closed positive {l,l)-current with continuous 
local potentials. 

(A) There exists a constant C = (^(7) > such that Ca,p^{{ip < —t}) < C/t 
for all i/j G and t > 0. Moreover the constant C stays bounded for per- 
turbations of 'J satisfying the hypothesis (CI) and (C2a) of Statement (C) in 
Theorem \2.^ 

(B) //7"'/r2 e LlogL(X), for a smooth volume form ^ > then the con- 
clusion of Statement (A) holds with a constant C = C(7,r2) > which stays 
bounded for perturbations of 7 satisfying the hypothesis (CI) and (C2b) of 
Statement (C) in Theorem \2.Sl 

Proof We first notice the obvious inequality 

1 



t 

i><-t X 



7; < - I -i^iZ 
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which implies 

Cap,({^ < -t}) < ^ sup {7}-" /-^7", (2.5) 
and we prove the following elementary claim. 

Claim 2.5 Let 'y be a closed positive (1,1) -current with bounded local po- 
tentials over a compact complex manifold X of complex dimension n and let 
ip, ip EV-y such that < ^9 < 1 and ip < 0. Then 

j -^1; < J -^Pl'^ + n J 7". (2.6) 

XXX 

Proof The fact that the current 7 is positive implies ipc '■= inax{ip, c} G V^, 
c G ]R<o, so by the monotone convergence theorem it is sufficient to prove 
inequality (12. 6p for ip E H L°°{X). So assume this and let u; > be a 
hermitian metric over X. By the regularization result of |Dem3| there exists 
a family of functions {'ipe)e>o^ i^e ^ 'P'y+eui H C°°{X) such that ipe I 
e — s> 0"*". Consider now the integrals 

for all i = 0, n. Then Ij < Jj+i + 7". In fact by Stokes' formula 



= - £m J tp, 7^' A idd^ A ^y-' 

X 

= Ij+i - lini / iddi)e A <^7^' A 7^-^-^ 



X 



In this way we deduce the required inequality Iq < In + n j^-y"^ . □ 

The following claim will be very useful for the rest of the paper. 

Claim 2.6 Let {X,uj) be a polarized compact connected Kdhler manifold of 
complex dimension n and let 7, T be closed positive (1, l)-currents with con- 
tinuous {or more generally, bounded) local potentials. Then for all I = 0, n 



Ci := sup -ijT^ A cj"-' < +00 
4^eVS J 



^ X 
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and 7^ A T' = T' A 7^ for all G V^. 

Proof. The proof of the convergence of the constants Ci goes by induction 
on Z = 0, ...,n. The statement is true for / = by the first integral estimate 
of Lemma [2731 So we assume it is true for / and we prove it for / + 1. Let 
ipc '■= max{^, c} G V-y, c G M<o. By the regularization result of |Dem3| we 
find {ipc,e)e>o, i^c,e ^ 'P'y+euj ^ C°°{X) such that ipc,e i "^Ac as £ — > 0"*". Let us 
write T = 9 + iddu, with 9 smooth, 9 < Kuj and u bounded with infx m = 0. 
By using the monotone convergence theorem and Stokes' formula, we expand 
the integral 

/" -7/- T'+^ A cj""'"^ = lim lim [ -ij^,T^+^ Au""-^'^ 

J £^0+ J 

X X 

= lim lim 

C— »-CXD £^0+ 

< lim lim 

c— »-oo e^0+ 



-i-i 



X 



X 



u iddtpce A T' A cj" 



X 



X 



-ipT AKu''-' + lim lim 



I A , ,n-l-l 



u in^ce + A T' A cu' 



I A . .n-l-1 



+ J u {'J + euj) A A uj' 

X 



< KCi + supu y 7 A A < +CX) 

X 



by the inductive hypothesis. In sight of the symmetry of the exterior product 
we remark that the decreasing monotone convergence theorem implies 



I A , ,n— i 



lim / {^pc - ^)T' A u 



0, 



X 



which means the convergence of the mass \\{il)c — ij)T \\^{X) — >• as c — >• — cx), 
in particular ipcT^ — > ipT weakly as c — — oo. So by the weak continuity of 
the idd operator we deduce 



7V,. A 7V, A 



(2.7) 
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weakly as c ^ — oo. Moreover the weak continuity of the idd operator implies 
by induction on / 

weakly as c ^ — oo. This combined with (12.71) implies 7^ A T' = A 7^ . □ 
In the particular case T = 7 big, the constant 



< C(7) ■=n+ sup {7}"" / -V^ 7" < +00 



X 



satisfies the capacity estimate of Statement (A) in Lemma 12^41 by inequality 
(12.51 ) and Claim 12.51 Thus if (7t)f>o is a family satisfying the hypothesis 
(CI) and {C2a) of Statement (C) in Theorem O and Kt = ({74}")^/", then 
the constant C(7) satisfies the stability properties of Statement (A) of the 
Lemma 12.41 and we can use the induction in the proof of Claim 12.61 with 
T = 'jt, = 9t, u = Ut and K = Kt to get 



Ci < Kt j -ijuj"" + suput y 7t A cu"-^ - + j 

X XXX 

where R > supj^ Ut and in general 

Ci+i < KtQ + Rj 7^' A < KtCi + RK\+^ j . 



X 



We deduce 



'x J X 



We now prove Statement (B) of Lemma l2.41 In fact let / := {7} "7"/!] > 0. 
Then the uniform estimate for the integral 

{7}-"! -^7" = ^ j -c^i^f^ 

X X 

follows from the elementary inequality —aipf < e~°-^' — 1 + /log(l + /) 
combined with the uniform estimate e~"'^f2 < C of Lemma 12.31 In this 
case the required stability properties of the constant C(7,f2) > in the 
capacity estimate are obvious. □ 
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Lemma 2.7 (Comparison Principle). Let X be a compact complex man- 
ifold of complex dimension n and let 7 5e a closed real (1,1) -current with 
bounded local potentials and consider ip, ip ^ V-y H L°°{X). Then 



7; < y 7^ 

Proof Let := (7 + idd max{(p, ip}^^ . By the inequality of measures 

e > i^^, 7^ + i^,, 7; , 



proved in |Deml| . we infer 



e > y 7;, y e > y 7^ 

This combined with Stokes' formula implies 



7; < / e - / < / 7^ - / 7^ = / 7" 



□ 



We recall now the following lemma due to Kolodziej |Koll| . (see also |Ti-Zhul| . 
|Ti-Zhu2j l 

Lemma 2.8 Let a : (— oo,0] [0,1], be a monotone non- decreasing func- 
tion such that for some B > 0, 6 > the inequality 



ta{s) < Ba{s + t) 



1+5 



holds for alls <0,te [0, 1], s + t < 0. Then for all S < such that a{S) > 
and all D G [0, 1], S -\- D < we have the estimate 

D < e{3 + 2/6)Ba{S + Df . 

The following lemma is a simple application of the main result in Bedford- 
Taylor |Be-Taj and of the monotone increasing convergence theorem in pluripo- 
tential theory. 

Lemma 2.9 Let X be a compact connected complex manifold of complex 
dimension n, let •y be a big closed positive (1, 1) -current with continuous local 
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potentials and let > be a smooth volume form. Then there exist constants 
a = a{'j,fl) >0,C = C{'j,Q)>0 such that for all Borel sets E G X we 
have 

1] < e"Ce-"/^^P^(^)'^". (2.8) 



In particular Cap^(-E) = implies J^fi = 0. 

Proof. It is sufficient to prove this estimate for an arbitrary compact set. In 
fact assume fl2.8p for compact sets and let {Kj)j, Kj C Kj^i C E he a family 
of compact sets such that Q ^ J^Q as j ^ +oo. Set U := UjKj C E 
and take the limit in (12.81) with E replaced by Kj. By (12.41) we deduce 



We prove now (12. 8p for compact sets K G X. For this purpose, consider the 
function introduced in |Sic| . |G-Z| 

^'i^(x) := sup{v9(x) I ip eV-y, ip\j^ < 0} . 

We remark that \E'a' > over X and {'^k)\k = since e by the 
positivity assumption on 7. Assume 



K 



otherwise there is nothing to prove. In this case there exists a constant 
Ck > such that supjs^^ ip < Ck for all </? G P-^ , </?|^, < 0. In fact let 

Sk := WeV^l ^1,, < 0} 

and set (p := (p — supx V^- By contradiction we would get a sequence (pj G Sk 
such that supx fj ~^ +00. This implies 



sup (pj — > — 00 

K 



—iPj fl > — [ / Q \ sup ipj +00 



and so 



which contradicts the first integral estimate of Lemma [ 
Then it follows from quite standard local arguments that the upper regular- 
ization G V^. (Here we use the assumption that the local potentials of 
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7 are continuous.) Moreover "^^^ G L°°{X), \E';^ > and \I>|^ = over the 
interior of K. 

We recall now the following well known consequence of a result of Bedford 
and Taylor |Be-Ta| . 

Theorem 2.10 Let G fl L°°{X) and let B be an open coordinate hall. 
Then there exists if & V-yH L°°{X), if > (p such that 7^ = on B and (p = ^ 
on X \ B. Moreover if fi < ^2, then (p\ <(pi. 



This implies the following quite standard fact in pluripotential theory |Sic| . 
|Deml| . [OZ] . 

Corollary 2.11 Let K C X be a compact set such that Jj^Qj^O. Then the 
extremal function \1>|^ G "P^ fl L°°{X) satisfies > over X, \E'|^ = over 
the interior of K and 7^^ = over X \ K. 

Proof. By the classical Choquet lemma there exists a sequence C Skj 

ifj > such that = (supj </?j)*. We can assume that this sequence is 
increasing. Otherwise, set (pi := ipi and 

!f>j := max{(y9j, (pj-i) G Sk ■ 

Let B be an open coordinate ball in X \ K and let 0j G S'x be a solution of 
the Dirichlet problem ■y^. = over B as in Theorem 12.101 Thus the sequence 
{<pj)j C Sk is still increasing and = (sup^ (Pj)*. Remember also that the 
plurisubharmonicity implies that = lim^ (pj almost everywhere. By the 
monotone increasing theorem from classical pluripotential theory, we infer 
7^^* = on 5, and the conclusion follows from the fact that B is arbitrary. 
□ " 

By using a basic fact about Lebesgue measure theory and the second in- 
tegral estimate of Lemma 12.31 we get 

Set Ak := sup^^'l^. If Ax > 1 set ip := Then < 7^,^ < Ax7v, 

and so ip E V-y[0,l]. By corollary 12.111 we deduce 

R R 
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thus —aAx < —a/ Cap^( A')^/" by the bigness assumption on the current 
7. If Ax < 1 then G V^[0, 1] and so 

1 = {^}-" / < CapjK) < Cap rX) = 1 . 



K 



In both cases we reach the required conclusion. □ 
Proof of Theorem 12. 2L part A. 

We can assume supj^ ip = 0. Let Us := {ip < s}, s < 0, t E [0, 1], s + 1 < 0, 
ip G V^[—l, 0] and set 

V ■= {^p - s -t <t^} . 

Then we have inclusions Ug C V C Ug+t- By using the Comparison Principle 
(I2n) we infer 



C/s C/. F V Us+t 

thus combining this with Holder inequality in Orlicz spaces (12.31 ) . formula 
(|2.2I) and Lemma EH] we obtain 



rCap,([/,) < {7}-" / 7; = {7}-" 1 /^^ 



< {7}-"C,J|/|Li„g.+.^(^)-||l| 

{7}-"Ceo||/||Llog'-+--L(X) 

log"+^(l + l/Voln(f/.+t)) 

{7}"'''Ceoll/ILlog"+-L(X) 



Exp"+= L{Us+t) 



< 



< C,„(A;/a)"+^{7}^1|/|Liog"+.z.(x)Cap,(f/,+,)("+^)/". 

(Here the constant C > depends on the same quantities as the constant Ci 
in Statement A and /c > is a constant such that 

k~^a/x < log(l + e"°C-^e°/^) , 

for all X G (0, 1]). So if we set 6 := e/n and 
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we deduce that the function a{s) := Cap^(f/s)^/", s < 0, satisfies the hypoth- 
esis of Lemma [2781 (We use here the inequality fl2.ip .) Consider now the 
function K{t) := KsB , with constant Ks := e(3 + 2/5). Remember also the 
uniform capacity estimate 

ais) < 

of Lemma Em Let now 77 > 1 be arbitrary. We claim that a{Sr,) = for 

The fact that the function a is left continuous (by formula (I2.4p ) will imply 
that a(S'i) = also. Remark that S*^ is a solution of the equation 

where is the inverse of the function k. So if we assume by contradiction 
that a{Sri) > we deduce by Lemmas 12.81 and l2T4l 

1 < n{a{S^ + 1)) < k{C{-S^ - 1)"^/") = r]-^ <1, 

which is a contradiction. Thus if we set — / := max{s < | a(s) = 0} we 
obtain 

I <-Si< C^^KsBf '^ + 1 , 

which by arranging the coefficients yields the right hand side of the estimate 
in Statement A of Theorem 12. 2[ Moreover by definition Cap (f/_/) = 0, thus 



Voln(f/-/) = by Lemma [2791 The fact that the current 7 has continuous 
local potentials implies that the function i}) is upper semicontinuous, so the 
set is open, thus empty. This implies the required conclusion. □ 



Proof of part B. 

Set a := max{||<y5||j;^oo(j(^), 
and set 



consider 9 E V^[0,1], s > 0, t E [0, 1] 



^+ 1 - 4j 



Then the obvious inequality < — Y+a^ — i+a i^pliss the inclusions 

{ip — < —s — t} C V G {if — ip < —s}. Thus by applying the Comparison 

Principle fl2.7p as in |Kol2| we obtain 



[l + a] 



ip — ^f)< — S — t 



< 



< 



l + a 



7v 



< 



7, 



^p—ip<—s 
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By inverting the roles of and ^/^ in the previous inequality and by summing 
up we get 

\'fi—ip\>s+t \lfi—1p\>S 

By taking the supremum over 6 we obtain the capacity estimate 

rCap,(|y.-V^|>s + t)<(l + an7}-" J {f + 9)n, (2.9) 

for all s > 0, t G [0, 1]. Set Us := {\ip — ip\ > s} C X. By combining Lemma 
12.91 with a computation similar to the one in the proof of part A we obtain 

rCap^(f/.+,) < (l + a)"{7}-"C;||/ + (7|Li„g.+.oL(x)Cap,(t/,)("+^°)/" 
< 5" Cap^(f/,) 

where the constant B > depends on the same quantities as the constant 
6*2 in Statement (B) of Theorem 12.21 We deduce that the function a(s) := 
Cap^(f/_s)^/", s < 0, satisfies the hypothesis of Lemma l2.8l with S = eo/n. On 
the other hand, the capacity estimate (12.91) combined with Holder's inequality 
in Orlicz spaces implies for all t G [0, 1] the inequalities 

rCap,(|^-V^| >2t) < (l + an7r" J {f + g)n 

\v-i'\>t 



t 

X 

^ 2(l + a)"{7}-",, ,,, _ „ 

< ^ 11^ - ^I|expL(X)||/ + ^||LlogL{X) 

< ^||<^-^||expL(x). (2.10) 



Claim 2.12 If\\<p — i'\\L^{x) ^ 1/2, then there exists a constant Ca > such 
that 



|V5-V^||expL(X) < C'a/ log ^ 



Li(X) • 
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Proof. We assume Hv^ — > 0, otherwise there is nothing to prove. Set 

Ck,a ■■= kie^"^" - l)/(2a) , 

k > 0. Then for all /c > and all x G [0, 2a/ k] the inequality — 1 < Ck^aX 
holds. Thus the inequality \ip — ip\/k <2a/k implies 

X X 

We get from there the implication 

\\V - i'Wb^X) = k/Ck,a =^ IIV^ - V^||expL{X) < /c, (2.11) 

since by definition 

\\V - ^IIexpL(X) := inf |a; > I j {e\^-'^\"^ - l) < 1 

So if we set ii{k) := k/Ck,a > we deduce by the implication (I2.1ip 

y - ^IIexpL(x) < (lb - nLHx)) , (2.12) 
where : M>o M>o is the inverse function of Explicitly 

/i-i(l/) = 2a/log(l + 2a/y), 
for all y > 0. Now there exists a constant Ca > such that 

^^-\y)<CJ\og{l/y), 
for all ?/ G (0, 1/2]. This combined with (I2.12P implies the conclusion. □ 

Combining Claim 12.121 with the estimate (|2.10p we infer the capacity es- 
timate 

C r \ -1/" 

< [^^^y - n-Jix)) > (2-13) 

where the constant C > depends on the same quantities as the constant 
C2 in Statement B. Set now C2 := C''{2KsBYl^ > (with Ks > as in the 
proof of Statement (A)) and define 



t:=C^" (logy 



-cto 
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The hypothesis t G (0, 1] combined with the hypothesis of Claim [2TT21 forces 

the condition \\ip — < min{l/2, 6"*^^}. Moreover t is solution of the 
equation 

C ( (t 



where is the inverse of the function k introduced in the proof of part A. 
We claim that a(— 2t) = 0. Otherwise, by Lemma [2?8] and inequality (j2.13l) . 
we infer 

< t < K{a{-t)) < K{K-\t/2)) = t/2 , 
which is absurd. We deduce 

Volf,(|^-^| >2t)=0 

by Lemma [2^91 We prove now that the set 

U2t = {\v-^\>2t}cX, 

is empty, which will imply the desired L°°-stability estimate. The fact that 
\f — i'l < 2t a.e. over X, implies 



B{x,r) 



< 2t, 



for all coordinate open balls B{x,r) C X. (The symbol represents the 
mean value operator.) By elementary properties of plurisubharmonic func- 
tions follows 



(p{x) — ^Ij{x) = lim -f {if — tfj) dX 

^^0+ JB(x,r) 



lB{x,r) 

for all X ^ X. We infer |y9 — ?/;| < 2t over X. □ 

Corollary 2.13 Let {X,uj) be a polarized compact connected n- dimensional 
Kdhler manifold, ^ > a smooth volume form and 7 > a big closed smooth 
(l,l)-/orm. Take also f E L log"+'' 6 > 0, such that 7" = f ^ 
and let (/e)e>o C C°°{X) be a family converging to f in the Llog"^^L(X)- 
norm as e ^ , satisfying the integral condition 



{l + eujr = J fen. (2.14) 

X X 

Then, for any real number A > 0, the unique solution of the non-degenerate 
complex Monge-Ampere equation 

{-f + euj + iddtPeT = fee^^'n, (2.15) 
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given by the Aubin-Yau solution of the Calahi conjecture {which in the case 
A = «s normalized by max^ = 0) satisfies the uniform L'^ -estimate 
II^.IUoc(x) <C(5,7,f^)A,5(/)*+ 1. 

Proof. The existence of a regularizing family of / in Llog""^^ L{X) follows 
from |Ra-Re| page 364 or |Iw-Ma| . Theorem 4.12.2, page 79. We can always 



assume the integral condition (I2.14p otherwise we multiply by a constant 
> which converges to 1 by the normalizing condition /;^7" = j-^fVt. 
We distinguish two cases. 

Case A = 0. The hypothesis (CI) and (C2a) of Statement (C) of Theo- 
rem [22] are obviously satisfied for the family (7 + euj)£. We deduce that the 
constant Ci = Ci (5 , 7 + ecj , f2) > in the Statement of Theorem 12.21 A 
does not blow up as e — O"*". Moreover the uniform estimate 

\\fe\\L\og^+' L(X) < C''ll/llLlog"+'5L(X) =: ^ (2.16) 

holds for all e G (0,1). Thus by Theorem 12.21 A we obtain the required 
uniform estimate ||'0e||L°°(x) < C* := C{5,'~^,VL) I^^sif)^ + 1- 

Case A > 0. We start by proving the following lemma, which is a parti- 
cular case of a more general result due to Yau (see |Yau| . sect. 6, page 376). 



Lemma 2.14 Let {X^u) be a polarized compact Kdhler manifold of complex 
dimension n, let h be a smooth function such that cj" = e^uj^ and let 
(p eVuj be the unique solution of the complex Monge-Ampere equation 

{uj + idd^Y = e^^^'^uj'' , (2.17) 

A > 0. Consider also two solutions ^p' , ip" G Vui of the complex Monge- 
Ampere equation {oj + iddipY = e^^o;" such that minx <p' = = maxx (f" ■ 
Then ^" < "-p < '-p' . 

Proof. The argument is a simplification, in our particular case, of Yau's 
original argument for the proof of Theorem 4, sect. 6 in |Yau| . Set ip'^ 



ip' , (yjQ := ip)" and consider the solutions ^9^ , y?" of the complex Monge-Ampere 
equations given by the iteration 

(cu + «9a(/?;.)" = e'^+^^+^M-'^i-icu", (2.18) 
{uj^%dd^'\Y = e'^+^^+^M'-^-i u;" . (2.19) 
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Notice that we can solve these equations even if the terms e'^^'^j-i, e'^~'^i-^ 
are not normalized, see Lemma 2 page 378 in |Yau| . Set L := A + 1 and 
consider 

At a maximum point of ip'i — we have the inequality 

(uj + tddip'o)'' > (u + iddip'X. 

By plugging this into the previous one, we deduce (p'l < (p^. We now prove by 
induction the inequality ip'j < V^j_i. In fact by dividing f l2.18l) j with f l2.18P j-.i 
we get 

(a; + idd^'j^^Y 

At a maximum point of ^p'^ — '■p'j^i we find again the inequality 

Combining this with the previous one we deduce (f'^ < ^'j^i- By applying a 
quite similar argument to (12.19^ we obtain also ^Pj^i < ^Pj- We also prove 
by induction the inequality (p'j < (pp which is true by definition in the case 
j = 0. By dividing fl^l8|) ,,- with l^7[9\i ^ we get 



(a; + idd^''Y 



by the induction hypothesis V^j_i < V^j-i- ^ minimum point of tp'^ — tp'- 
we get 

+ idd^'^Y >{uj + tddip';^ , 

hence ip" < ip'j. As a conclusion, we have proved the sequence of inequalities 

^0 < < ^] < V- < < ^0 • (2.20) 

We now prove a uniform estimate for the Laplacian of the potentials v?^ . The 
inequalities 12.201 imply < 2?7, + ^uV'j ^ ^ Bj, where Bj > satisfies the 
uniform estimate 

> Ci 5/^ - {2n + max A^(/?;.„i) Bj^ - Co , (2.21) 

Co, Ci > 0, which is obtained by applying the maximum principle in a 
similar way as in Yau's proof of the second order estimate for the solution of 
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the Calabi conjecture |Yau| . (It can also be obtained by setting 6 = I = h = 
and LJ^ = u in step (B) in the proof of Theorem 16 .11 (see Appendix B). In the 
case n = 1 the uniform estimate < 2n + '^ujf'j ^ C" follows immediately 
from the inequalities ( ]2.20p .) Fix now a constant C2 > such that the 
inequality 

Ci > (Co + 2C)x - C2 , 

holds for all X > 0. This implies by (12.211) the estimate 

2(2n + A^(/?;) < 2CBj < (2n + max A^^;._i) + C2 , 



thus 



2n + max A(^(/9j- < 2 ^ (^n + max A^c/Pq^ + C2 



by iteration. By taking the derivative in the Green Formula (see |Aub| . Th. 
4.13 page 108) we get the identity 



X 



which implies the estimate 

< max A^v?^- < K . 



By applying the complex version of the Evans-Krylov theory |Ti2| we de- 
duce the uniform estimate 11(72, c«(x) < K'. This combined with fl2.18p 
implies that the monotone sequence converges in the C^'"-topology to 

the unique solution (f of the complex Monge-Ampere equation (12.171) . Then 
the conclusion follows from the inequalities (12.201 ). □ 

Consider now the solutions ip'^, ip", min^V'e = = maxxip'^ of the com- 
plex Monge-Ampere equation (j2.15l) for A = 0. By applying Lemma [2. 141 we 
deduce < ipe ^ ''P'e for all e > 0. By the argument in the case A = 0, we 
infer \WI\\l^{x) < C, thus ||^^£||Loo(x) <C. □ 

3 Currents with Bedford- Taylor type singular- 
ities 

In the situation we have to consider, the relevant class of currents which can 
be used as the input of Monge-Ampere operators is defined as follows. 
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Definition 3.1 On a complex manifold, we consider the class BT of closed 
positive {1,1) -currents whose exterior products Q'^, < k < n, can be 
defined inductively in the sense of Bedford- Taylor, namely, if Q = iddip 
on any open set, then ipQ^ is locally of finite mass and Q^+^ = idd{'ijjQ'') 
for k < n. 

Notice that the local finiteness of the mass of ipQ'' is independent of 
the choice of the psh potential ip, and that this assumption allows indeed 
to compute inductively idd{ipQ^) in the sense of currents. Now, if x is a 
(1, l)-cohomology class, we set 

BT^ = BTnx. (3.1) 

Let 7 > be a closed positive (1, l)-current with continuous local potentials. 
We define corresponding classes of potentials 

VBT^ := {(f eVy\-f + idd(f eBT^^}} , 
PBT° := {cpeVBT^ \ snpip = 0}. 

X 

Let (fi &V BT^ with zero Lelong numbers. It is well known from the work of 
the first author |Dem4| (which becomes drastically simple in this particular 
case), that there exists a family {ipi;)ir>o, (fe G V-y+euj H C°°(X), such that 
V^e i as e I 0"*". In the case the Lelong numbers of ip are not zero we can 
chose R > sufficiently big such that < 7 + Bu + iddipe for all e G (0, 1) 
and I y9 as e — s> 0"^. We have the following crucial result. 

Theorem 3.2 (Degenerate monotone convergence result). 

Let (X, u) be a polarized compact Kahler manifold of complex dimension n 
and let 7, T be closed positive (1,1) -currents with bounded local potentials. 
Then the following statements hold true. 

(A) For allip eV BT^, (p<0andkj>0,k + l<n, k<n-l 

y -y? 7J A A cu""'^^' < +00 , and 7^+^ A T' = A 7^+^ . 

X 

(B) Let ip G VBT-y, (p < with zero Lelong numbers and ips G V^+euj H 
C^{X), such that p>e [ p> as e ^ 0+. Then for all k,l > 0, k + I < n, 
k < n — 1 

ip, (7^. + ecu)' A T' ^ 7j A T' , (3.2) 
(7^.+5^)'+^AT'-^7^'aT', (3.3) 
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weakly as e ^ 0^ . 

(C) Let (p G VBT^, (p < and (p^ G V^+ruj H C°°{X) such that ip^ I ip as 
e -^0+. Then for all k,l > 0, k + I < n, k < n - 1 

ip, (7^, + Ruj)'' A ^ ^ (7^ + Ruj)'' A T' , (3.4) 



(7^, + Ru)"^' AT' ^ (7^ + Rujf^^ A , (3.5) 
weakly as e ^ 0"*". 

As follows immediately from the proof, the statement of this theorem still 
holds if we replace with a product Ti A .... A T/, where the currents Tj have 
the same properties as T. As a matter of fact, we wrote the statement in 
the previous special case only for the sake of notation simplicity. However, 
in the course of the proof, it is useful to notice that statements concerning 
terms involving are still valid if we replace T' with Y ^ T'~'^- 

Proof. Statement (13. 3p follows from (13. 2p by using the weak continuity of 
the idd operator. The argument for Statement (B) is the same as for (C). 



Proof of (A). We denote by / the special case of Statement (A) in the the- 
orem for the relative indices {k, I). We prove Statements A^. / = 0, ...,n — k 
by using an induction on k = 0, ...,n — 1. We remark that Claim EH] asserts 
Statement (A) in full generality for k = 0. So we assume Statement Ak-i,, 
and we prove A^^i, I = 0, ...,n — k by using an induction on /. We remark that 
Afc o holds by the hypothesis ip G VBT^. So we assume A^^i and we prove 
In fact let (pc := maxjy?, c} G V^, c G M<o- By the regularization 



result in |Dem4| let {^c,e)e>o, ^c,e ^ ^-y+ew H C°°(X) such that tpc^e i as 
e — >^ 0"*" and write T = 6 + iddu, with 9 smooth, 9 < Koj and u bounded 
with infx m = 0. By using the monotone convergence theorem, the symmetry 
of the wedge product provided by the inductive hypothesis in k and Stokes' 
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formula, we expand the integral 

= lim lim /" -(^^^ 7^ A T'+^ A 

X 

= lim lim / -(^^^ T'+^ A 7^ A cj"-'^^'^^ 

X 

= lim lim /"-(^ee^AT' A7^ Aw"-'^-'-^ 
- lim lim [ ip^ , iddu A A 7^ A cj^^^"'"^ 



< lim lim / -^^er^f\T' ^KuJ' 

£->0+ 



- lim lim / u idd^c ^ A 7,^ A A o;"^'^"'"^ 



K I -(^7j AT^ Acu""^^' 



- lim lim / u (7^, , + ecu) A 7^ A T' A cu""^-'-! 

X 

+ lim lim / m (7 + ecu) A 7;^ A A cu""'"^ 

e->0+ J ^ 
X 

' " " " 



< /s: / -^7^ AT' Acu"-''-' + supM / 7 A 7; A T' A cu"-'-^ < +00 



by the inductive hypothesis in /. We now prove the symmetry relation 

The decreasing monotone convergence theorem implies 

lim /(<^,-<^)7jAT'Acu"-^-' = 0, 

c— >— 00 / ^ 
X 
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which means the convergence of the mass Wi^^c — V^) 7^ A T'^\\^^{X) ^ as 
c —oo. In particular 

weakly as c — >^ — oo. So by the weak continuity of the idd operator we deduce 

7^.A7jAr'^7^'Ar', (3.7) 

weakly as c — > — oo. The symmetry of the wedge product provided by the 
inductive hypothesis in k implies 

7^.A7jAT' = 7v.cAT'A7j = A 7^. A 7^ 

By the other hand (13. 7^ ,^ q combined with the weak continuity of the idd 
operator implies, by an induction on / 

T'A7^.A7j ^T'A75+\ 

weakly as c ^ —00. This combined with (j3.7p implies the required symmetry 
flJl). 

Proof of (B). For all k = 0, — 1 and / = 0, ...,n — k we consider 
the following statement B^/. for all p = 0, /c 

% A (7^. + eoof^^ A ^ V, 7^ A T' , (3.8) 
iddip, A 7^ A (7^, + euf-^ A T' idd^ A-f'^AT', (3.9) 
7^ A (7^. + 800)'^^^' A ^ 7J+1 A T' , (3.10) 

V'T^ A (7^, + euj)'-^ A ^7^ A T' , (3.11) 

weakly as £ 0"*". We remark that (13. 9p follows from (13.81) by the weak 
continuity of the idd operator. By combining (13.91) with the weak continuity 
of the idd operator we obtain 

(7^. + eu) A 7^ A (7^. + eujf^P A ^ 7^' A T' , 

weakly as £ ^ 0+. On the other hand the symmetry of the wedge product 
proved in part (A) of the theorem implies 

(7^. + ea;) A 7^ A (7^. + ec.)'^-^ A T' = (7^. + 5.;)'=-^+^ A A 7^ 

= 7^ A (7^. + 60;)^"^+^ A 
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In this way we deduce (|3.10l) . The statements Bq , are true by the proof of 
Claim Em We now prove by induction on A; = 0, ...,n — 1 that Statements 
Bk,i, I = 0, — k hold true. In fact we prove the following claim. 

Claim 3.3 If Bj^, holds true for all j = 0, k— 1, then Bk,i holds also true 
for all I = 0, ...,n — k. 

As pointed out before in order to prove Bk^i it is sufficient to show (I3.8p and 
(13. lip . The proof of (13. lip is quite similar to the proof of (13. Sp that we now 
explain. We first prove by induction on s = 0, ...,k — p the inequality 



n—k—l 



X 



n—k—l 



X 

s—l „ 

r.=0 •( 
s—l „ 

- ^ (7^. + ^^f'"""^ A A (3.12) 

r-=0 { 

Inequality ( 13.12p is obviously true for s = 0. (Here we adopt the usual 
convention of neglecting a sum when it runs over an empty set of indices.) 
Before proceding to the proof of the inequality (I3.12p . we need to point out 
two useful facts. 

1) Let a be a smooth closed real (g, g)-form, i? be a closed positive (r, r)- 
current, f > be a measurable function such that vR/\uj'^~'^ < +oo. This 
implies that the currents iddvAR := idd{v R) and iddvAaAR := idd{vaAR) 
are well defined. Then the Leibniz formula implies 

aAiddv AR = iddv AaAR. (3.13) 

2) Thanks to part (A) of the theorem we have 

-(^7^+'' A 7^* A A uj^'-P-^-h-i ^ 



X 



for all /i = 0, A; — p — r — 1. By (13.13p this implies 

-^iT ^ (7^. + eujf-''-''-^ AT' A ^^"^^-'+1 < + 



oo 
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so the current 

is well defined and we can define the current 

iddip A 7^+" A (7^, + A T' := iddS . 

Then the integration by parts formula 

J idd^e ASA = j iddS A cu""*^"' 

X X 

can be written explicitly as 

idd^e A <^7r' ^ (7v^. + euf-^-''-^ AT' A uj^~''~' 

iddif A Y/' A (7^, + A A c.;"-^'^' . (3.14) 



X 



X 

We suppose now the inequality (13.121 ) true for s and we prove it for s + 1. 
We start by expanding, thanks to formula (13.131 ). the integral 

/ := j Ai^^^+euf-'P-' AT' Au''-''-' 

X 

-V?7r' /\ (7 + A (7^. + euf~P-'-^ AT' A 
-(^7^+^ A idd^e A (7^, + euf^'P-'^^ AT' A uf"^""-' 
-e^%^' A (7^, + eujf^''"'-^ AT' A ^^""^-'+1 

^iT ^ (7v^^ + ^^)'"''"'"' A 7 A T' A 

A (^7^+" A (7^^ + A A u;"^^"' . 

X 



X 



X 
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By applying the integration by parts formula (13 .141) to the last integral we 
deduce 

X 



<^7r' ^ + A 7 A A ^"^^"^ 



By combining the symmetry of the wedge product proved in part (A) with 
formula (j3.13l) we get 

7 A 7^+^ A (7^, + euf-P-'-' AT' = 7 A (7^^. + ec^)^-^-^-^ A A 7^+^ 

= (7^^+£^)'=-''-^-iA7Ar'A7^+^ 

= 7^' /\ (7^. + eu)'-^-'-' A 7 A 
By plugging this into the previous expression of / we obtain 

/ = J -fs 7^'^' ^ (7^. + eu)''-P~'-' AT' A, 



, 'n—k—l 
id 



+ / ((^, - v^) 7^+^ A (7^, + ea.)'^-^'-^-! A 7 A T' A a;"-'^-' 



X 



Ei^Y^' A (7^, + eujf^-P-'-^ AT' A c^"-^-'+i 
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which implies inequality (I3.12p for s + 1. For s = k — p the inequality (13 .12^ 
rewrites as 



J 7^ A (7^, + 800)"-^ AT' A c^""^"' < J -^^'^AT'a 



, ,n—k—l 
Uu 



X 

fc-1 



+ E J{v^e-^)i;A{^^,+euj)'-^-'A^AT' 



A cu"-'^-' 



r=p ^ 
fc-1 



E 1^^%^ (7^. + eu;)'-^-' AT' A u;'-^-'+^ 



By using the inductive convergence hypothesis (13.81) ^ (l3.1iP j ^ in Bj, for 
j < A; — 1 we deduce 



lim sup / -ife % A (7^, + eujf-'' AT' A 

e^0+ J 



X 

< J -^l^AT' A cj"-'^-' < +00 , (3.15) 

X 

by Statement A. (We can always arrange v?£ < for all e G (0, 1) by changing 
ip into ip — C.) Thus by weak compactness of the mass there exists a sequence 
{ej)j, Sj [ 0"*" and a current of order zero 9 G (-^) such that 

^e,llA{^^^^+e,ujf-^AT'^Q, 

weakly as j +oo. So for any smooth and strongly positive form a of 
bidegree {n — k — I, n — k — I) ^ we have 

^e, ll A (7^,^, + A A a ^ e A a , 

weakly as j +oo. The fact that | and 

7^A(7^.^, +e,a;)^"^Ar'Aa^7j AT'Aa, 

weakly as j — > +oo, by the convergence inductive hypothesis (j3.10l) ;. 
implies 

e Aa < (/?7^ AT' Aa, 
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thanks to Lemma (3.9), page 189 in |Dem2| . Thus < (/97^AT' . Combining 
this with the inequahty (j3.15p we obtain 



X 

< liminf JiPeY^^ (7^. + ^^)'"^ A A 



X 



< ^ Mm I ip,^ 7^ A (7^,^ + Bj 00)'-^ A A uj^-'- 



n—k—l 



X 



We deduce Tr^((y9 7^ A T' — 6) = 0, which impUes ^97^ A T' = 9 since 
< V5 7^ A T' - e. This proves Statement Bk^i. □ 

We introduce also the subsets 



VBT^ := |^GPBTi;| J -^7;^ < +cx) |^ + R C PBT^ , 
PBT° := {v? G PBT^ I sup(^ = 0}. 



X 



Without changes in the proof of Theorem 13.21 we get the following corollary. 



Corollary 3.4 For all ip G PBT^, p < 0, the assertions A), B) and C) of 
Theorem \3.^ hold for all k = 0, ...,n. 

Let now 6 be a closed positive (n— 1, n — l)-current and consider the L^-space 
L2(X, e):= {ae r(X, A^'°TJ^) I / A a A < +00 

' y e-a.e 

equipped with the hermitian product (a, /5)q := J^ia A (3 AQ, which is well 
defined by the polarization identity. The 0-almost everywhere equivalence 
relation is defined by : a ~ /3 iff 



X 



i{a- p) A{a- (3) AQ = 0. 



32 



The subscript "0-a.e." in the definition of L^(X, 9) above is "9-almost 
everywhere. Let ak, a G L^(X, 9). We say that the sequence converges 
L^(X, 9)-weakly to a if 



ia AP AQ = lim / ia^ A /3 A 9 , 

X fc^+oo 

for all p e L2(X, 9). Let (f e such that j^-ipQ A u < +oo. Then 
one can define dip A Q := d{(pQ). We write dip e L^(X, 9) if there exists 
a G 9) such that d{ipQ) = a A 9 in the sense of currents. In this case 

we write 

J idip Ad(p AQ := J za A a A 9 . 

X X 

With these notations we have the following corollary. 

Corollary 3.5 Let {X, u) be a polarized compact Kdhler manifold of complex 
dimension n and let 7, T be closed positive (1, l)-currents with hounded local 
potentials, let Q he a closed positive {n — l,n — l)-current and consider tp G 
PBT^, ^<Q,^ e P^nL~(X), i) <Q. Then for all k,l > 0, k + I < n - 1, 

z^v^ A A 7J A A cu"~^"'~^ < +CX) , (3.16) 
idip A dip A Q < +00 . (3.17) 



X 

Moreover let {'Pe)e>o, (V^e)e>o C C°°{X), ip^ G P^+ft^, i^e e V^+euj such that 
iPs I ip, ips i as e ^ . Then 

lim j id{ipe - <^) A d{ipe - (^) A 7J A T' A cu"~^"'~^ = , (3.18) 

X 

lim iditps - ip) A d{ipe - ip) A Q = . (3.19) 
6^0+ J 

X 

Proof By integrating by parts we obtain 

tdip, A dipe A 7j A T' A 

X 



- / ^sidd^eAlt^T' Au'' 



X 
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(7 + R^) A 7J A T' A 



(7^, + i?a;)A7j AT'Ac^"-^-'-^ 



By the proof of Theorem 13.21 B we can take the limit, so 

< lim / id^p, A d'jDe A it A T' A uj""-^-^-^ 

e^0+ J ^ 



X 

k A 'tI a , ,n—k—l — l 



<^ (7 - 7^) A 7^ A T' A cu"-^-'-i < +00 . (3.20) 



X 



On the other hand the weak convergence of the sequence 

7^ A T' A c^"-'^-'-! ^ A T' A , 
combined with the weak continuity of the d operator implies 

d^e A 7J A A cj"-'^-''^ — ^ A 7J A A cu""^-'"^ , 

weakly as e ^ 0"^. Then the L^(X, 7^ A T' A u;"~^~'~^)-weak compactness 
provided by (13:201 ) implies (i3T6D and the L2(X,7^ A A cj"-'^-'-i)-weak 
convergence (9(/:>£ — > 9^9 as e — > 0+. This implies 



lim / id^e Ad^ Ai^AT^ A uj'"''-^-^ 

6^0+ J ^ 
X 



lim / idd^ A 7^ A T' A uj''-^-^-^ 
£^0+ J 

X 



k A T^' A , ,n— fc— ( — 1 



X 



lim^ / -<^,(7-7^) A7^AT' A 



-V (7 - 7..) A 7j A A c^"-^-'-i 

lim /" A Bipe A 7^ A A cj""'^^'-^ 
£^0+ ./ ^ 
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by identity (13 .20^ . This implies (|3.18l) by elementary facts about Hilbert 
spaces. The proof of (13 .lip and ()3.19l) is quite similar. □ 



The conclusion of the corollary 13.51 still holds true if we replace the current 
7^ A T' A with a sum of currents 

k+l<n-l 

where Ck^i G M such that S > 0. We infer the linearity formula 



id^ Adif AE = Ck,i / idcp A dcp A -f^ A A uj' 

^ k+l<n-l ^ 

4 Uniqueness of the solutions 

We start with a renormalization result for the density volume form of a big 
and nef (1, l)-cohomology class. This uses |De-Pa| in a crucial way. 



Lemma 4.1 Let X be a compact Kdhler manifold of complex dimension n, 
let T be a big closed positive {l,l)-current with continuous local potentials. 
Then there exist a big closed positive {l,l)-current 7 with continuous local 
potentials, cohomologous to T and a complex analytic subset Z C X such 
that 7 is a smooth Kdhler metric over X \ Z . 

Proof Let a be a smooth closed (1, l)-form representing the cohomology class 
of T. The assumption on T means that we can write T = a+iddip > where 
is a continuous quasi-plurisubharmonic function. By the approximation 
theorem of |Dem4| . there exists a decreasing sequence tljj of smooth quasi- 
plurisubharmonic functions converging to ip such that 

a + iddihj > — u, 
J 

in particular the class {T} = {a} is nef (i.e. numerically effective in the sense 
of |Dem4| ) and big. By Theorem 0.5 of |De-Pa| . there also exists a Kahler 
current Q = a + idd(p G {a}, with Q > euj (in the sense of currents) and 
e > 0, such that ip has logarithmic poles on some analytic subset Z G X 
and (f is smooth on X \ Z. If we consider ipj := max{ip,ip — j), then 
(fj is a continuous quasi-subharmonic function which coincides with ip on a 
neighborhood of the compact set 

K, = {zeX^Z; iPiz) - ip{z) < J - 1} . 
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Clearly we have a + iddipj > on X and 

a + iddipj = a + idd(p = Q > eu on a neighborhood of Kj. 

Therefore if we put $ = J2j>i 2 "'v^ii then $ is a continuous quasi-plurisub- 
harmonic potential on X (notice that there is uniform convergence since 
—j — Ci < ipj < C2 on X), and there exists a continuous function A > on 
X such that a + idd^ > X and \{x) > on [j Kj = X \ Z . By Richberg's 
approximation theorem applied on X \ Z (invoking e.g. |Dem2| . Theorem 
(1.5.21) with the error function ^A(x) > on X \ Z), we can find a function 

^ eP„nC~(X\Z), 

such that $ < ^' < $ + iA and a + idd'^ > ^A > on X \ Z ; this implies 
that ^ has a continuous extension to X such that \1/ = $ on Z, and also 
that the extension satisfies 7 := a + idd^ > |A > everywhere on X by 
standard arguments of potential theory. □ 

Theorem 4.2 Let X he a compact connected Kdhler manifold of complex 
dimension n and let j be a big closed positive (1, l)-current with continuous 
local potentials. 

(A) Let i' eV^^n L^{X) andipeV BT° such that 

(7 + iddij)'' = (7 + idd^)'' . 

Then ip = ip. 

(B) Let ip,ipeV^n L°°{X) such that 

e-^^{-i + iddijY = e"^^(7 + idd^Y . 
with A > 0. Then ip = ip. 

Proof of A. By the (9(9-lemma and by the previous statement 14.11 we can 
assume that the current 7 is a smooth Kahler metric in the complement X\Z 
of an analytic set. The identity 7^ = 7^ implies G "PBT^ by Claim [2?6l Let 
</5e, tl^e be as in the statement of corollary l3.5l and set u := ip—(p, := ip^ — ip^. 
Let us also recall the formula 

fc-i 

- (3'' = {a- 13) ^^a^ ^ ^^-^-^ . 
1=0 
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From this we deduce 



X 



I A ^.n-l-l 

<4> 



lim ^ / —Ue iddu A 7^ A 7J 

n— 1 „ 

lim ^ / i(9Ms A 9m A 7J, A 7^^'"^ 

n— 1 „ 

/ z9nAanA7;A7r'"'=:^' 



(4.1) 



since du^ du in L^(X, 7^ A 7^ ' ^) by corollary I3.5[ Inspired by an idea 
of S. Blocki |Blol| . we will prove by induction on /c = 0, n — 1 that 



idu A 9m A 7^ A 7^ A 7'' = 



(4.2) 



for all r, s > 0, r + s = n — A; — 1. For /c = this follows from (14.11) . So we 
assume (14. 2p for /c — 1 and we prove it for k. In fact consider the identity 



fc-i 



= 7J - idd^l) A ^ 7J, A 7''"'"^ and set 

l=Q 



A A \ ' A ^,'^ — ' — 1 



7; A 7; A ^ 7^ A 7 



By applying several times corollary 13 .51 and by integrating by parts we derive 



idu A 9m A 7^ A 7^ A 7" = lirn j idus A 9m A 7^ A 7^ A 7^" 



X 



lim 

£^0+ 



i9M, A 9(m7;+'^ a 7^) - / i9M, A 9(m iddip A S) 



X 
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lim 



X 



idue AduA 7^+'' A 7^ + J iddu A iddip A E 

X 

idu AduA 7^+^' A 7^ - lim_ j iddip A (7^^ - 7^) A S 



X 



< ^ + lidu,Ad[tp{-f^--f^)AE] 



lim 



idU;; A dip A'^^ A 



idu^ A c^V' A 7^ A 



X 



idu A dijj A 'y^ A 



idu A 9-?/' A 7^ A S 



(4.3) 



X 



Set X = or X = ^/i. Then the Cauchy-Schwarz inequahty implies 



idu A dip A A E 



X 



< 



1/2 / \ 1/2 

idu A du A 'jy^AE \ idip A dip A 'j^ A E \ = , 



X 



X 



by the inductive hypothesis. This combined with (14.31) implies (14.21) for k. 
So at the end of the induction we get = idu A du A 7*^"^. This implies 
(p = ip hj elementary properties of plurisubharmonic functions. 



6 lip 



Proof of B. By applying the comparison principle (j2.7l) as in |E-G-Z1| we 

get 

</p<i/' ip<ip ip<tp 

which implies J^^^llp = since e'^^'^"'^^ < 1. This implies that the inequality 
ip > ip holds 7^-almost everywhere, thus the inequality 

holds 7^-almost everywhere. By symmetry we also deduce that 7^ > 7^ 
holds 7^-almost everywhere. The fact that the potentials ip and ip satisfies 



7^ = e'^^-^\; 



(4.4) 
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implies that a property holds 7^-almost everywhere if and only if it holds 
7^-almost everywhere. We infer 7^ = 7^, hence ip — Lp = Const by part (A), 
and equality (14 .40 now implies ip = ip. □ 

We now show a uniqueness result in the non-nef case. We denote by UB<^ C X 
the unbounded locus of a quasi-plurisubharmonic function y?. Let us first re- 
call the following well known lemma |Deml| . |Be-Bo| . 

Lemma 4.3 Let {X^uj) he a compact Kdhler manifold of complex dimen- 
sion n, T a closed positive (g, q) -current on X, 6 a smooth closed real (1,1)- 
form andip a quasi-plurisubharmonic function such that9-\-iddip > over X . 
Then the following holds 

(A) For all k = 1, ...,n — q 

J {e + idd^f AT Auo''-^-'' < +00. 

(B) // in addition tp has zero Lelong numbers, then 

j {9 + iddipf ATA io''-''-'' < J 9^ AT A u;""*^-" , 

for all k = 1, ...,n — q. 

Proof. Set e := ^ + idd<p > 0. Let {'Ps)e>o C C'^{X,R) such that i 
as e and let C > be a sufficiently big constant such that 6^ : = 
9 + iddips > —Coj for all e G (0, 1). By the monotone decreasing theorem in 
pluripotential theory we infer that 

(6, + Cujf AT — ^ (e + Cujf A T , 

weakly over the open set U := X \ UB;^ as £ ^ 0. We infer 

J A T A cj"-*^-'' < 
u 

< 



< 



y (e + Cuf ATA cc^"-*^-" 
u 

lim inf I {Qe + Cuf AT A u'''^"' 
£^0 J 

u 

j {9 + Cujf AT Auj''-^-'' < +00, 
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which concludes the proof of statement (A). Statement (B) follows from the 
fact that, thanks to the work in |Dem4| . we can replace the loss of positivity 
constant C with constants > such that | as e — 0. □ 

The following lemma can be found in |Be-Bo| and is based on a simple but ef- 
ficient increasing singularity approach introduced by the first named author. 



Lemma 4.4 Let X he a compact Kdhler manifold of complex dimension n, 
letT be a closed positive {n — q,n — q)- current, q>l, letO be a smooth closed 
real (1, l)-form and consider (p, G Vg such that (p > ip over X . Then 

j {O + idd^fAT > J {9 + iddipy AT. 

Proof. Consider the closed positive current Q := {9 + iddipY'^ A T over 
X \ UB^. In order to conclude, it is sufficient to prove the inequality 



{e + iddip)AQ > j {e + tddip)Ae, (4.5) 

thanks to the symmetry of the wedge product and to an obvious induction. 
(Notice that the integral on the left hand side of the inequality (14. 5p is also 
finite by the same type of argument as in the proof of Lemma 14.31 ) Let 
C > be a sufficiently big constant such that iddip > —Cu and set z/^g : = 
{l + e)ij eVe,, with 9e := 9 + eCu. Then the inequality ([43]) will follow by 
letting e — > in the inequality 



{9e + iddip)AQ > j {9e + idd^pe) ^ Q , (4.6) 

that we prove now. Let A; > be an arbitrary constant. The fact that 
If — k > ipi. over the open set {ip < —k/e} implies 

j {9, + idd^)AQ= j {9, + iddmax{ip- k,iJe}) =■■ I , 

X\UB^ X\UB^ 

by Stokes' formula. Let L C X \ UB^ be an arbitrary compact set and let 
U C f/ C X \ UB^ be an open set such that L <Z U <Z {tpe > —R} for a 
sufficiently big constant i? > 0. We infer 



/ > 



j {9e + idd max{(^ - A; , J) A > j{9, + idd^Je) A 9 , 
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for k such that ip — k < —R over X. Then the inequality (j4.6p follows by 
taking the supremum over L. □ 



We now define the potential with minimal singularities 

Lpeix) := sup {ip{x) \ tp E Vg} , 

and we observe that ipg G Vg. Let 9' G {9} be another element in the 
cohomology class of 9. We write 9 = 9' + iddu. By definition, we infer 
+ u — C < and ^pgi — u — C < ipe for some constants C, C" > 0. By 
Lemmas 14.31 and 14.41 we infer the equality 

{9 + idd^eY A T = max / {9 + idd^jf A T < +oo . 



X\UBfl X\UB 



Notice that the closed set UB^ depends only on the cohomology class {9}. 
In the case UBg is contained in a complete pluripolar set E d the trivial 
extension of the current 

Ix-^E (9 + idd^eY , 

over X is closed and positive by the Skoda-El Mir extension theorem, which 
applies thanks to Lemma 14.31 Moreover this extension is independent of E 
by the definition of UB^. In fact the current {9 + iddifeY , does not carry 
any mass on pluripolar sets contained in the open set X \ UBg, since ife is 
locally bounded over this set. In this case we will still denote by {9 + iddipgY 
the extension over X. In this setting we can define the cohomology invariant 

{9}^'^^ ■ {T} := [{9 + iddipey AT = max [ {9 + idd^f AT < +oo . 
J V'e-Pfl J 



In general the number a'*^' ■ {u;}'^"^ associated to a pseudoeffective class a G 
M) over a compact Kahler manifold (X, u;) of complex dimension n 
is not a cohomology invariant, so we will denote it by However 
the numerical dimension of a, namely the number 

u{a) := max{g G {0, n} \ ■ cu"~^ > } . 

is well defined. In fact it is independent of the choice of the Kahler met- 
ric oj since the trace operator controls the mass of a positive (g, g)-current. 
We prove now the following degenerate version of the Comparison Principle 
which is also based on the increasing singularity approach previously used. 
(Compare with the statement and the proof of corollary 1.4 in |Be-Bo| ). 
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Lemma 4.5 (Degenerate Comparison Principle). Let X be a compact 
Kdhler manifold of complex dimension n, let 6 he a smooth closed real (1, 1)- 
form and consider ip, ip &Ve such that ip > ip — K for some constant K > 0. 
Then 

j {e + iddi)Y < j {e + idd^Y. 

{<p<t/'}\UB^ {<p<i/'}\UB^ 

Proof. For any set -E C X we put := E \ UB^ and define the closed 
positive current O := (^9 + idd max{(p , ip}^ over X^,. We start by proving 
the inequality 

j{e + idd^Y > J Q. (4.7) 

Let i? > be a sufficiently big constant such that iddip > —Rw and set 
ifje := (1 + e)ip G Ve^^ with := 9 + eRw. The fact that ip > ipe the open 
set {ifj < —K/e} implies 

{e, + idd^T = j {e, + tddmax{ip,^,}y , 

x^ x^ 
by Stokes' formula. We infer 

j {9 + iddip)'' = liminf J {9^ + idd max{ip,ipe}y > j Q. 
x^ x^ x^ 

by the weak convergence 

:= (^. + i(9(9max{(/9,7/;j)" — ^6, (4.8) 

as £ — s> over the open set X^. In order to prove the convergence (14. 8p we 
restrict our considerations to an arbitrary open seiU (ZU C X^. Let C > 
be a constant such that ip > —C over U . Then the function 

$e := max{(/3 + eC, ipe + eC} G Ve, , 

decreases to max{(p,ip} over U as 5 — and satisfies 9^ = (^^ + idd^e)^ . 
Then the convergence (14. Sp over U follows from the monotone decreasing the- 
orem in pluripotential theory. On the other hand the inequality of measures 

e > i^^, 9; + i^^^ 9; , 
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over the open set (see |Deml| ). implies 



Q> J o;, J Q > J 9;. 

This combined with the inequality (14 .7^ implies 

0; < Je - J e < J9; - J 9; = J 91. 

□ 

Corollary 4.6 Let X be a compact Kdhler manifold of complex dimension 
n, VL > Q a smooth volume form and 9 a smooth closed real (1,1) -form. 
Assume that ipj E Ve, j = 1,2 is such that UB^. is a zero measure set and 

{9 + iddLp^Y = e^^Q 

over X \ UB^^, . If (pi > f2 — K over X , for some constant K > then 
fi > ^2 over X . In particular if there exists a Kdhler- Einstein current 
ujj^ G 27rci{Kx) , then this current is unique in the class of currents with 
minimal singularities in 2'kci{Kx). 

Proof. We set E := {^pi < (p2} \ UBi^j and we apply the degenerate 
comparison principle 14.51 as before. We obtain 

J{9 + idd^2T < j{9 + idd^iY = j e^'-^^ {9 + idd^2T ■ 

E E E 

We infer = J^e'^^Q, and so ipi > ip2 almost everywhere over X, thus 
everywhere by elementary properties of quasi-plurisubharmonic functions. □ 



5 Generalized Kodaira lemma 

We first recall a few standard definitions of algebraic and analytic geometry 
which will be useful in our situation. 

Definition 5.1 Let {X,u!) be a compact Kdhler manifold. 

(A) A modification of X is a bimeromorphic morphism fi : X ^ X of 
compact complex manifolds with connected fibers. Then there is a smallest 
analytic set Z G X such that the restriction /i : X \ j^~^{Z) ^ X \ Z is a 
biholomorphism; we say that Exc(yu) = j^~^{Z) is the exceptional locus of fi. 

(B) A class X £ II^'^{X,M.) is called big if there exist a current T E x such 
that T > euj, for some e > 0. 
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By a result of |De-Pa| . a nef class x on a compact Kahler manifold is big if 
and only if > 0. By the proof of Theorem 3.4 in |De-Pa| we obtain the 

following generalization of Kodaira's lemma. 

Lemma 5.2 Let X be a compact Kahler manifold and x ^ H^'^{X,'R) be 
a big class. Then there exist a modification n : X ^ X of X, an effective 
integral divisor D on X with support \D\ D Exc(/i) and a number 5 G Q>0; 
such that the class jj,*x — ^{D} is Kahler. 

We associate to x the set of triples (/i, D, 6) satisfying the generalized Ko- 
daira lemma 15^21 and a complex analytic set which we call the augmented 
singular locus of x, defined as 

S^:= fl (5.1) 

iii,D,5)ei^ 

A trivial approximation argument shows that the set T.^ depends only on the 
half line M>oX- the case the class x is Kahler, {idx, 0, 1) G I^, thus = 0. 
Conversely, if = 0, it is clear that the class x must be Kahler : in fact, 
if uJij.,D,s is a Kahler metric in fi*x — ^{D}, then 9 = fi*{oj^^r),5 + (^[D]) is a 
Kahler current contained in the class x, which is smooth on X \ fi{\D\) and 
possesses logarithmic poles on /i(|-D|) ; by taking the regularized upper enve- 
lope of a finite family of potentials of such currents Qj with f]/i(|Z)j|) = 0, 
we obtain a (smooth) Kahler metric on X. In the case the class x is integral 
or rational, the set can be characterized as follows. 

Lemma 5.3 Let L be a big line bundle over a compact Kahler manifold. 
Then the class x '■= satisfies 

SB{L)cJ:^= fl \E\, (5.2) 

X~S {E} ample 

where SB{L) is the stable base locus of L, i.e. the intersection of the base loci 
of all line bundles kL, and E runs over all effective integral divisors of X . 

Proof. First notice that the existence of a big line bundle implies that X is 
Moishezon. This combined with the assumption that X is Kahler shows that 
X must in fact be projective (see |Moi| . and also |Petl| . |Pet2| for a simple 
proof). The inclusion SB{L) C in ()5.2I) is quite easy: Let {fi,D,p) G I^. 
Then Kodaira's theorem implies that {a} := /i*x — p{D} is a Q-ample class 
on X and so the integer multiples ka are base point free for k large enough. 
Therefore the base locus of kfj,*L is contained in IZ^I. This shows that SB{L) 
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is contained in the intersection of the sets fi{\D\), which is precisely equal to 
Tiy by definition. Now, if H is an ample divisor on X, we have 

- e{H}) = p{D} + {a} - e{fi*H} 

and, again, a — efi*H is ample for e G Q>o small. We infer that the base 
locus of k{L — eH) is contained in for k large and sufficiently divisible. If 
we pick any divisor E in the linear system of k{L — eH), then L — = eH 
is an ample class, and the intersection of all these divisors E is contained 
in Ej^. Therefore 

n 1^1 ^ ^x- 

X~S{E} ample 

The opposite inclusion is obvious. □ 

The following lemma gives us an important class of densities which will 
be allowable as the right hand side of degenerate complex Monge-Ampere 
equations. 

Lemma 5.4 Let X be a compact complex manifold, let > be a smooth 
volume form and let Cj G H^{X,Ej), r,. G H°{X,Er), j = 1,...,N, r = 
1,...,M be, non identically zero, holomorphic sections of some holomorphic 
vector bundles over X such that the integral condition 

„ N M 

holds for some real numbers Ij > 0, hr > 0. Then the integrand function 
belongs to some U space, p > 1, and for A > Aq > Q large enough, the 
family of functions 

N M 

Ge := + e^f ■ Hdr.r + e)-'^ , e e [0, 1) 

j=l r=l 

converges in L^-norm to the function Gq when e — > 0. In fact, for N 
and Ij > 0, one can take Aq := {J2r ^r)/(niinj Ij). 

Proof. By blowing-up the coherent ideals generated by the components of 
any of the sections aj, r^, we obtain a modification jj, : X ^ X such that 
the pull-back of these ideals by /i is a divisorial ideal. Using Hironaka's 
desingularization theorem, we can even assume that all divisors obtained in 
this way form a family of normal crossing divisors in X . Then each square 
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\aj o /ip (resp. \Tr o //p) can be written as the square \z°'\'^ (resp. of 
a monomial in suitable local coordinates U on a neighborhood of any point 
of X, up to invertible factors. The Jacobian of /i can also be assumed to be 
equal to a monomial , up to an invertible factor. In restriction to such a 
neighborhood U, the convergence of the integral is equivalent to that of 



N M 



TT 7=1 r=l 



U 

Notice also that X can be covered by finitely many such neighborhoods, by 
compactness. Now it is clear that if the integral is convergent, then the 
integrand must be in some L^, p > 1, because the integrability condition 
is precisely that each coordinate Zj appears with an exponent > — 1 in the 
n-tuple 

7 + ^ Ijaj - ^ hrPr , 

(so that we can still replace Ij, hr with plj, phr with p close to 1). In order 
to prove the convergence of the functions Ge in the norm we distinguish 
two cases. In the case where Ij = for all j, the claim follows immediately 
from the monotone convergence theorem. The other possible case is Ij > 
for all j. In this case the convergence statement will follow if we can prove 
that for A large enough the functions 



N M 

7|2" 



j=l r=l 



converge in L^-norm as e ^ 0. This is trivial my monotonicity when = 0. 
When N > and Ij > 0, we have 

N N M 

j=l j=l r=l 

SO it is sufficient to take A > /ir)/(niin/j) to obtain the desired uniform 

L^-integrability in e. □ 



6 Existence and higher order regularity of so- 
lutions 

We are ready to prove the following fundamental existence theorem. 
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Theorem 6.1 Let X be a compact connected Kdhler manifold of complex 
dimension n > 2, let uj > be a big closed smooth (1, l)-form and let > 
be a smooth volume form. Consider also aj G H^{X,Ej), r,. G H^{X,Fr), 
j = 1,...,N, r = 1,...,M be non identically zero holomorphic sections of 
some holomorphic vector bundles over X , such that the integral condition 

N M 
j=l r=l i 



X 



holds for certain real numbers Ij > 0, hr > 0. Then there exists a unique 
solution (f G V BT^ of the degenerate complex Monge-Ampere equation 

N M 

(u + idd^)'' = Y[\aj\^^^ ■Y[\Tr\-^''^e^'^n, A>0, (6.2) 

j=l r=l 

which in the case X = is normalized by snpx^ = 0- Moreover let '^{uj} be 
the augmented singular locus of the (1,1) -cohomology class {u} as defined 
in (15.11) . which is empty if the class {uj} is Kdhler, and consider the complex 
analytic sets 

S' := U (^{Tr = 0} j , S := S' U (^{a, = 0} 

Then if e n L°°{X) f] C°{X \ S{^}) n C^'\X \ S') n C°°(X \ S) . 

Proof We first assume the existence of an efi^ective divisor D in X and of a 
small number 6 > such that {u} — S{D} is a Kahler class on X. (We will 
later be able to remove this assumption thanks to Lemma [5^ . By using the 
Lelong-Poincare formula we infer the existence of a smooth hermitian metric 
on 0{D) such that 



0<ujs ■.= LU-2TTS[D] + 5idd\og\s 



2 



with div(s) = D. By convention we will put 5 = if c<j is a Kahler metric (so 
that Us = uj in that case), and in general we will denote by |Z)| the support 
of the divisor D. 



(A) Setup. 

For the sake of simplicity of notation we assume N = M = 1. The general 
case would be entirely similar and we leave it to the reader. Let a > be 
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a Kahler metric, let e G (0, 1) and let be a normalizing constant for the 
integral condition 

/ n . , ^ ^= {00 + ear , (6-3) 



X X 

with A := h/l. Condition (16.11) combined with Lemma [531 implies Q ^ 0, 
when e ^ 0^ . Observe that here u + ea is a Kahler metric for every e > 0. 
Consider the standard solutions ip^ ^ C°°{X) of the complex Monge-Ampere 
equations 

{u + ea + zdd^^r = ^'^'It^th ^'^^ ^ ' (6-4) 

given by the Aubin-Yau solution of the Calabi conjecture. As usual, in the 
case A = 0, we normalize the solution ip^ with the condition maxx = 0. 
Notice that the integral condition (16.31) implies that a non identically zero 
solution Lfe changes signs in the case A > 0. By combining Lemma EH with 
the estimate of corollary l2.13l we obtain a uniform bound for the oscillations, 
Osc(</9e) < C. Set now 

(De := ujs + ea ^ 

and 

Ipe := V^e - 5l0g 

As the notation indicates, we will keep 5 fixed (until step (E)). Then we get 
a Kahler metric defined over X 

uoe '■= 00 + ea + iddcpe = 0^ + iddipe + 2tt6[D], (6.5) 

thus = uie + iOBipe ovcr X \ In this setting, equation ( 16. 4p can be 
rewritten as 

+ iddij.T = e^'+^-^i^s 1^1'+^'^^ (6.6) 

on X \ \D\, with := + I ■ a'^ — h ■ ¥ , and with 

r :=c, + log(f]/cD,"), a^:=log(|ap + £^), 6^ := log(|rp + 5) . 

(Here the superscripts in e are indices and not powers.) Let C^^ be the Chern 
curvature form of the Kahler metric cDg > and let 

7e := min min C^^^ ® r/,^ ® ^)l^l<^,^l^l^,^ ■ 

x&X (,,ri&Tx,x-^Ox 
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(We remark that the minimum is always achieved by an easy compactness 
argument, see e.g. |Kat| . Chap II, Sect. 5.1, Theorem 5.1, page 107.) We 
observe that the family of metrics {u}e)e has bounded geometry for 6 fixed 
and e G [0, 1] arbitrary. In particular, for all e G [0, 1] 

7. >r, \f\<Ko, X{uJs-uj)+tddf>-KoCo,. 
Moreover we can assume idda'^ , idd¥ > —KoUe , (see Appendix A.) 
(B) The Laplacian estimate. 

This estimate is obtained as a combination of ideas of Yau, Blocki and Tsuji, 
|Yau| ■ |Blo2| . |Ts| . Consider the continuous function : X (0, +oo) given 
by the maximal eigenvalue of Ue = + iddipe with respect to the Kahler 
metric Ue, 

K{x) := niax {Cu, + tdd^,){^, J^m' , 

i.e. we extend over |-D| by continuity, as is permitted by (I6.5p . Consider 
also the continuous function over X \ 

Ae ■.= \0gAe- k-tpe + h-¥ , 

with 0< k:= 2(1 + hKo/2 - Ki) and 

Ki := min{-[A + (1 + /)i^o/(2n)] , T} < -A . 

The reason for this crucial choice will be clear in a moment. The singularity 
of the function implies the existence of a maximum of the function at 
a certain point Xs G X \ \D\. Let be a smooth real valued function in a 
neighborhood of in X \ |D| such that uj^ = ^ddg^, and let := ge + 2ip^. 
Then 

oje + iddilJe = -ddue . 

For the simplicity of notation, we just put g = ge and u = from now on, 
and we also set ui^m '■= g^^g" • Let {zi, . . . ,Zn) be cDe-geodesic holomorphic 
coordinates centered at the point x^, such that the metric uje = oJe + iddipe 
can be written in diagonal form in x^. Explicitly, we have the local expression 
^e = I Y.i,m 9i,m dzi A dz^, with 

gi,ifi = ^l,rn - ^ Cj^^ZjZk + 0{\z\^) , gj^kj^fhi^e) = -Cj'^ , 

Ccj, [Xe] = ^ Cl'^ dZj ® dzi (g) dZk ® dzm . 

j,k,l,m 
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and ^ddu = | J2i ^ijdzi A dzi, with < Ui i < ... < Unfi at the point x^. For 
every C G C" we set g^^^ := Y.i,m 9i,m Ci Cm- Then 

Aelx) = max , , — TTTT = max — ^ , 

and so A^fxp) = Unnf^^e), with < A^. We also set 

9n,n 

Then < A^, with Aj(xe) = ^^(xe). This implies that the function also 
reaches a maximum at the point x^, thus A^^A^^x^) < 0. All the subsequent 
computations in this part of the proof will be made at the point Xe- By the 
local expressions for the Ricci tensor we obtain 



dl,n log det(Mj- fc) = (un,n,l,p - 

l,p s,t 

I 1 2 

E^n,n,p,p V l^n 
■?/ . - 11 - 



and in a similar way (9^ ^ logdet(5'j = gn,n,p,p- Then by differentiating 
with respect to the operator d^f^ the identity (16.61 ). which can be rewritten 
as 

logdet(uj.fc) = F' + X6\og + A(n - ^)/2 + logdet(^^. , 



we obtain 



p ^^'^ p,q ^^'^ ^'''^ 



9n,n, 



p,p ■ 
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Combining this with the inequality A^j^A^^Xe) < 0, we get 

> yi^ 

I 10 I 10 



+ 



^ ^ \'^n,p,q\ ^ ^ \""n,rL,p\ 

p g ^P,P '^n,n p '^P,P '^n,n 

fn,n + A[(u;5)„,„, - UJn,n " l]/2 + / ■ - h ■ bf^ ^^ 



Un. fi. ^PiP 



We observe at this point that the sum of the two first terms following the 
second equality is nonnegative and the trivial inequality 



Un,n p ^P,P p ^PtP 



By plugging these inequalities in the previous computations and by using the 
definition of the constants k and Ki, we get 

Ki — Cp'p —Ki + Cp'p 1 



p \ "'n,n "'P,P PjP 



> 



h > C-0 ■ 

II -11 : -i— ' 7/ - 



where Cq > and all the following constants are independents of e. Let 
denote by the real part of the complex coordinates (^i, 2„). 

Then the inequality C;| = C^A^®^^^^^ > 7s > T implies 

1 

ri-l 



o^E^--. . lift 



Ur 

P 



-\i,s-\S log \s\^-F^ -J— 

e Km - Co . 
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Consider now the function 5^ := e^^ = e~'^''^''^^''^\ Then is also a 
maximum point for Bg, over X \ |Z}| and the previous inequahty can be 
written as 

> e— ^ ^^^^ B,{xe)—^ - C, 



Then by the inequalities A; — A>0, |sp<C, a^<C and |/^| < i^'o, we get 
the estimate 

> Cie^™'^^ - Co. 

In conclusion we have found over X \ |Z}| the estimates 

< 2n + A^^(^e-5A^,log|s|2 = Tr^^(tD, + ^aa^/^e) 

rj pk-ips — {k—\) minx (J pkOsc^if^) 

< — < — 

— |_g|2<5A,'Q^|2 _|_ — |_g|25fc |^|2/i 

(Here Tr^^ is the trace operator with respect to the Kahler metric u)e.) The 
last inequality follows from the fact that AminxV^e < 0, since a non iden- 
tically zero solution if^ changes signs in the case A > 0. Then using the 
inequality 

|5A^_Jog|sp| = \ i:icjX'^ - ^&)\ < C's 
over X \ we deduce the singular Laplacian estimate 

(C) Higher order estimates. 

By the previous estimates we infer < 2uij < Trj)^(u; + ea + iddipe) < 2T^, 
for all / = 1, n, with 



|s|25'=(|r|2 + e)'^ ■ 
The equation fl6.4p can be rewritten as 
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We infer 

I 

for all m = 1, n. The fact that a non identically zero solution (p^ changes 
signs in the case A > implies A minx '^e > —A Osc((/?e). Thus 

Then an elementary computation yields the singular estimate 

r^-l |„|2(5fc(n-l) I |2i I |2/i(n-2) „-A:nOsc{(/3E) ~ 
|6| l*-^! I' I ^ 

Moreover the fact that G Pi^+ea implies 

At this step of the proof we consider 

S' := \D\ U (^[j{rr = 0}) , S := S' U ( (J^- = 0}). 

r j 

By the Interpolation Inequalities |Gi-Tru| we find that for any coordinate 
compact set K G X \ S' there are uniform constants Ck > such that 

max |Vj.„(/9e| < Ck (maxA^„(pe + max Iv^^l j . 

Therefore, we can apply the complex version of Evans-Krylov theory |Ti2| 
on every compact set ii" C X \ S' to get uniform constants C2,k > such 
that ||v?e||c2.'!(i^) < C2,K for some r] G (0, 1). Now, let C X \ S* be an open 
set and let ^ G 0{Tx){U). We rewrite the complex Monge-Ampere equation 
(16.41) under the form 

with 

He := Ce + log(fi/a'^) + l-a' -h-h' . 

By taking the derivative with respect to the complex vector field ^, we obtain 
(see the proof of formula 11 in |Pal| ) 

A^, (e • <^.) - 2A e . (^e = - Tr^. + ea) + Tr, L^a + 2^ . H, , (6.8) 
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By the uniform estimates (16 .Tp and ||v5e||c2>'7(_ft') < C-^^k it follows that the 
operator A^^ is uniformly elhptic with coefficients uniformly bounded in 
C-norm at least, over any compact set K C U. The right hand side of 
equation (16.81) is also uniformly bounded in C'-norm at least, over K. By 
the standard regularity theory for linear elliptic equations |Gi-Tru| we de- 
duce 11^ • V5£||c2>'7(_ft:) < C*x for all e > 0. We infer the uniform estimate 

|IV^e|lc3.'7(A') < C's.K- 

In its turn, this estimate implies that the coefficients of the Laplacian A;:^,^ 
and the right hand side of equation f l6.8p are uniformly bounded in C^'''-norm 
at least. By iteration we get the uniform estimates ||</3e||c'-'''(A') < Cr,K for 
all e > and r G N. We infer that the family {iPs)e>o C C°°{X \ S) is 
precompact in the smooth topology. 

(CI) The smooth regularity. 

By elementary properties of plurisubharmonic functions (see |Dem2| . chap- 
ter 1), the uniform estimate ||v5e||L°o(x) < C implies the existence of a L^- 
convergent sequence '■= V^e^, £j I with limit ip E V^j L°°{X). 

We can assume that a. e. -convergence holds also. The precompactness of the 
family (</?£)e>o C C°°{X \ S) in the smooth topology implies the convergence 
of the limits 

{u + Z(9(9(^)" = lim {u + iddLpjY = lim Gj e^'^'+^'^Q = Gq e^'^Vt (6.9) 

over X \ 5, with c, := , G,, := G^ and 

G,:=(|ap + £^)^(|rp + £)-\ 

The fact that is a bounded potential implies that the global complex 
Monge-Ampere measure {oj+idd^pY does not carry any mass on complex ana- 
lytic sets. We infer that is a global bounded solution of the complex Monge- 
Ampere equation (EJ) which belongs to the class V^nL'^{X)nG°°{X \S). 

(CII) The C^^-regularity. 

Let U GC X \ S" be a coordinate open set. By a classical result in |Gi-Tru| 
(see Theorem 8.32, page 210) for all open sets U' CC U there exists a con- 
stant G = G{U' , U) > such that for all r] G (0, 1) the uniform estimate 

\\Ve\\c^'V(U') < C {\\(Pe\\L^{U) + \Wn e\\ (U)) (6.10) 

holds. By applying the Ascoli-Arzela theorem to the sequence we infer 

the uniform estimate < G' for all 77 G (0, 1), thus ip G C^'^(X\S"). 
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(D) Uniqueness of the solution. 

We now prove the uniqueness of the solution in the class VBT^. In the 
case A = this follows immediately from Theorem I4.2[ In the case A > let 
ip e VBTi^ be an other solution. The fact that ip & V^j implies that we can 
solve the degenerate complex Monge-Ampere equation 

(uj + iddu)'' = Goe^^Q, (6.11) 

with the methods so far explained, so as to obtain a solution u G V^r\L°°{X). 
In fact we consider the solutions Ue of the non-degenerate complex Monge- 
Ampere equations 

{uj + ea + iddueT = Ge e^^^+< n , 

with ips I ip, ipe ^ C°°{X), ipe < C, iddipe > —KQOJe and being a normal- 
izing constant converging to as 5 — 0. By combining Lemma [5.41 with the 
dominated convergence theorem we infer that the family ^'^^e+c^ converges 
in L^-nomi to Gq e^'^ . These conditions are sufficient to provide the singular 
Laplacian estimate of step (B). Thus by the C^'''-compactness argument of 
step (CII) we infer the existence of the solution u of the degenerate complex 
Monge-Ampere equation (16.111) . 

By the uniqueness result in the case A = we infer u = ip — supxi^^ thus 
ip G L°°{X). Then the required uniqueness follows immediately from Theo- 
rem [121(B). 

(E) Eliminating the assumption on the existence of divisors D in X. 

By section 5, the divisors D which we have assumed to exist in X up to now, 
can only be constructed (at least, in the non-projective case) by applying 
a blow-up process to X, i.e. we can find a modification /i : X — > X of X, 
a divisor D in X with \D\ D Exc(/i) and a number 6 > such that the 
class {fi*uj} — S{D} is Kahler on X . For this reason, we use pull-back the 
Monge-Ampere equation by fj, so as to transform equation (16. 2p into 

N M 
j=l r=l 

Here fi*fl is no longer a positive volume form on X but we have fi*Q = | J/ipf2 
where fl is such a volume form, and | J/ip is the square of the Jacobian of fi 
expressed with respect to the pair (r2,f2). Observe that J/i is just a section 
of the relative canonical divisor K^j^ and that | J/ip is its norm with respect 
to the metric induced by (^2,1]). Thus our equation again takes the form 

N M 
j=l r=l 
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and it is clear that the analogue of condition (16. ip 

0< hi*oo'' = / |J/ip JJ|aj O/i|2'. . JJ|r, o/i|-2'»'-fi, 

-i 7=1 r=l 

X X 

holds. By steps (A)-(D), we obtain a unique solution 
with 

~S',,D,6 = |/^|u(U{r.o/i = 0}), 

r 

= S'^^D,5 U ( |J{t^j O /i = 0}) U Exc(/i). 
i 

Actually, taking the union with Exc(yu) will not be needed since \D\ D Exc(/i). 
Moreover j*fi*uj = 0, where jg : fi~^{q) X, g G /i(Exc(/i)) is the inclusion 
map. Thus 

$ojg G Psh(/i-i(g)) 

since $ G fl L°°(X). By hypothesis is compact and connected, 

which implies that $ is constant along the fibers fj,~^{q). Therefore we can 
define V9 := 7r=K$ G "P^; fl L°°(X). The fact that (p is bounded implies that the 
current {u + iddip)"' does not carry any mass on complex analytic sets. This, 
combined with the fact that 

/i : X \ Exc(/i) ^ X \ /i(Exc(/i)) 

is a biholomorphism, implies (see Theorem 14.21) that ip is the unique solution 
in Vuj n L°°{X) of the complex Monge-Ampere equation (16. 2p with the re- 
quired C^'^, C°°-regularity over the adequate subsets of X \ fj,{\D\) . We set 
finally 

E{^} = fl Ml^l), 

(/i,D,5)G/{„} 

5' = S{^}U(|J{^r = 0}), 5=5'u(|jK = 0}). 

Then the conclusion about the n L~ (X) n C^'i (X \ n C°° (X \ 5) reg- 
ularity of the solution ip follows by letting (/i, D,6) E vary. The proof of 
the uniqueness of the solution ip in the class "PBT^ is the same as in step D, 
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modulo the use of modifications. 
(F) C° regularity on X \ 

The proof will be complete if we show that Lp G C^{X \ This follows 

from the following statement. □ 

Theorem 6.2 . Let X be a compact connected Kdhler manifold of complex 
dimension n > 2, let u > be a big closed smooth (1, l)-form and let > 
be a smooth volume form. Let also f G L\og"'~^^ L{X), 6 > such that 
Jx^^ = fx f ^ X > be a real number. Then there exists a unique 
solution ip G VBT^ of the degenerate complex Monge-Ampere equation 

{uj + idd^Y = f e^'^Vt , (6.12) 

which in the case A = is normalized by supj,^ = 0. The solution tp is in 
the class V^j fl L°°{X) fl C^{X \ Sj^j}) and satisfies the L"^ -estimate 

\W\\l^(x) < c{6, uj, n) LAf)"^ + 1 • 

Moreover the constant C{6,u},^) > stays bounded for perturbations of u > 
as in Statement (C) of Theorem \2.^ 

Proof . We consider a regularizing family {fj)j C C°°(X), fj > of / in 
L\o^^^ L{X). (The existence of such family follows from |Ra-Re| page 364 
or |Iw-Ma| . Theorem 4.12.2, page 79.) We can assume as usually f^^"' = 
Jj^ fj fl. By the proof of Theorem 16.11 and the L°°-estimate in corollary 
12.131 we deduce the existence of a unique solution of the degenerate complex 
Monge-Ampere equation 

{uj + idd^jY = fj e^'P^Vt , (6.13) 

with the properties (fj eV^H L°°{X) n C°°(X \ S{^}) and 

lb,IU-(X) <C := C{6,uo,n)I^Af)'i + 1. (6.14) 

(With supjf ipj = in the case A = 0.) We deduce in particular the uniform 
estimate 

ll/.e'^^ILiog»+^x(x) < ^e^''ll/llLiog"+^L(x) , (6.15) 

for all j. (See |R,a-R,e| page 364 or |Iw-Maj . Theorem 4.12.2, page 79.) On the 
other hand the uniform estimate (16.141) implies (see |Dem2| . chapter 1) the 
existence of a L^-convergent subsequence {^Pj)] (which by abuse of notation 
we denote in the same way). We can apply the L°°-stability estimate of 
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Theorem 12.21 (B) to the complex Monge- Ampere equation (j6.13l) thanks to 
the estimates (IHlil) and fl6l^ . Notice that by ([6AiD . the L^-stabihty 
estimate of Theorem 12.21 (B) applies even if in the case A > 0, when the 
solutions (fj are not necessarily normalized by the supremum condition. We 
infer that the sequence is a Cauchy sequence in the L°°(X)-norm, thus 

convergent to some function ip & V^j D L°°{X) fl C°(X \ This yields 

weakly convergent limits 

{u + idd^Y = lim {u + iddcpj)'' = lim fj e^'^^VL = / e^'^fi , 

j— >+oo J— ►+00 

over X \ Moreover the fact that the global Monge- Amp ere measure 

{uj + iddifY does not carry any mass on complex analytic sets of X implies 
that if is the unique (in the class VBT^) global solution of the degener- 
ate complex Monge-Ampere equation (16.12p with the required regularity and 
with ||v5||l°o(x) < C. (We remark that the uniqueness of the solution in the 
case A > follows from the same argument in step (D) in the proof of the 
Theorem 16.11 .) □ 

Proof of Theorem II. 31 

A result of Kawamata |Kaw| claims that in our case the canonical bun- 
dle is base point free, and so, for all m S> sufficiently big and divisible, 
mKx has no base points. So we can fix m such that the pluricanonical 
map fm'-X^ CP^ is holomorphic. Consider also the semipositive and big 
Kahler form Um := /^cufs/"^ £ 2nci{Kx), where Ups is the Fubini-Study 
metric of CP^. Let > be a smooth volume form over X such that 
J^Q = Jx^m ^iid Ric(fi) = —ujm (these conditions prescribe Q in a unique 
way) . According to Theorem 16.11 we can find a unique solution (p G V BT^^^ 
of the degenerate complex Monge-Ampere equation 

Moreover G n L°°(X) n C^{X \ and so uj^ := uJm + idd^ is 

the required unique Einstein current in the class BT^2^^^(Xx)" 

Proof of Theorem II. 4[ 

The uniqueness statement in the theorem 11.41 follows from the corollary 14.61 
In order to prove the existence of a Kahler-Einstein current u;^ G 2txci{Kx) 
let m be a sufficiently large integer such that the base locus of mKx coincides 
with the stable base locus SB and let 



/m : X \ SB > Xm '■= fm{X \ SB) , 
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be the rational map associated to the linear system H^{X,mKx)- Let 
be the desingularization of the Zariski closure of the graph C X x 
of fm, let Tim '■ Tm ^ X and pm '■ Tm — > Xm bc the natural projections. By 
definition of the graph there exists a Zariski dense open set Um C Tm such 
that X \ SB = TTmiUm) and Pm = fm ° T^m ovcr Um- Consider also bases 

K,,)friC//°(X,mi^x), 
and the induced curvature currents 

< Jm ■■= — fm^FS,m = - Ric{Qm) ^ ^TlCi^Kx) , 

where u}Fs,m is the Fubini-Study metric of CP^'"~^ and is the induced 
singular hermitian metric over mKx- Explicitly 

for arbitrary n G H^{X, Kx) and ^2 > a smooth volume form. Observe 
now that the smooth form 

Q<9m--= m~^p*^UJFS,m, 

is big. Moreover the Zariski dense open set Krt \ satisfies X \ E = 

'^miVm)- By Theorem 16.11 we infer the existence of a solution 

<^me{Ve^nL^){Tm)nC^{Vm), 

of the degenerate complex Monge-Ampere equation 

{Om + tdd^mT = e*'" T^m^m , (6.16) 

over Tm- The fact that 9m = T^mlm over Um and the fibers of vr^ are connected 
allows to vTm-push forward the equation (16.16p . We infer a solution ipm £ 
L°°{X) n C°°(X \ S) of the degenerate complex Monge-Ampere equation 

{-1m + ^^^ipmT = e^-^^m. (6.17) 
over X \ SB. We observe that (16.17P can be rewritten in an equivalent way 



as 



(- Ric(fi) + iddipm)"" = e^-'Vt , 
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over X \ SB, with 



tpm ■= + fn~^ log^ |cr„,j|^_i . 



Thus := — Ric(f2) + iddipm is the required Kahler-Einstein current. □ 
Proof of the conjecture of Tian 11.51 

The hypothesis (CI) of Statement (C) in Theorem 12.21 is obviously satisfied. 
The hypothesis (C2b) is also satisfied since 



lim 



{ti*ujy + tuJxT 



( 



X 



\yeY 



-1 



< +00. 



X 



We deduce Osc{ipt) < C < +00 for all t e (0, 1) by Statements (C) and (A) 
of Theorem 12. 2[ This solves in full generality the conjecture of Tian 11.51 □ 



7 Appendix 

Appendix A. Computation of a complex Hessian. Let a G H^{X,E) 
be a holomorphic section of a holomorphic hermitian vector bundle {E, h) 
and set := log(|crp + e), for some £ > 0. We denote by {■, ■} the exterior 
product of -E- valued forms respect to the hermitian metric h. We have 



ids. 



i{dh(T, cr} 



|(Tr + e 

since a is a holomorphic section. We compute now the complex hessian 



iddSr 



^ i{dh(T, a} 



-i{ddhcr, a} + i{dh<J, dhcr} 



i{dh(T, a] Ad 



\a\^ + e \\a\^ + e 

i{dh<J, dhcr} - {iCE,h(T, o"} i{dhcr, cr} A {a, dhcr} 



(|a|2 + £)2 



(|cr|2 + e)i{dh(J, dhcr} - i{dhcr, cr} A {a, dhCr} {iCE,h(^, a} 



(|a|2 + £)2 
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where CE,h e C^{X, A^'^T^ ® End(E, E)) is the curvature tensor of {E, h). 
We show that the (1, l)-form iT^S^) is nonnegative. In fact by using twice 
the Lagrange inequality 

i{dha-, a} A {a, dhcr} < |o-|^ i{dha-, dta} 

(which is an equahty in the case of Hne bundles) , we get 

[\a\^ + ey \a\^[\a\^ + ey \a\^ 

Observe that the last form is smooth. Consequently, we find the inequalities 

err (7 + e 



£ - 
> — idSe A dSe - \\CE,h\\h,u; T-TTT UJ 





a\ 


2 




2 , 


+ e 



where u; is a positive (1, l)-form. 

Appendix B. Proof of the estimate (j2.21l) in Lemma I2.14L We will 
apply the computations of step (B) in the proof of Theorem 16.11 to the non- 
degenerate complex Monge- Ampere equation 



{iu + tddif'^y = e- 



In this setting, the notation of setup (A) in the proof of the Theorem 16.11 
reduces to 6 = I = h = 0, uj^ = uj and iddh > —Kqoj. By replacing the term 
/ with h — ip'j_i in the expansion of the term 'Yl,p^v,pl'^v,p ^^^P (-^) ^^e 
proof of Theorem 16.11 we infer 

Thus 

> C[ ■ - C, , (7.1) 

by the estimates 

This estimate implies also that at the maximum point Xj we have 

Ur,,n{x,) = A-, = e^^^(^^)i3,(x,) > C',B^ , 
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with Bj := maxx Bj > 0. Then estimate (j2.2ip in Lemma [2.141 follows from 
fTTl) and the fact that 

0<2n + A^(^;. < 2ne^'"'^"^ '^^ 5^ < C Bj , 

which is itself a consequence of (17. 2p . □ 

Appendix C. Relation with other works. As explained in the introduc- 
tion the present work has its foundations in the papers |Yau| . |Be-Ta| and 
especially in |Koll| . |Kol2| . A few months after that the first version of the 
present paper appeared on the arXiv server, P. Eyssidieux, V. Guedj, A. Ze- 
riahi posted on the same server a related preprint |E-G-Z2| . In this preprint 
the authors obtain a weaker version of Statement (C) given in our Theorem 
12.21 which is sufficient to imply Tian's conjecture as stated in |Ti-Ko| . The 
statement in |E-G-Z2| is weaker since it requires the (somehow stronger) as- 
sumption fi/u;" e L^{X), where > is smooth, big and degenerate. For 
the same reason a weaker version of Lemma [2?9l is stated in |E-G-Z1| . 

At this point one should observe that the essence of the capacity method 
introduced in |Koll| does not allow to produce the required L°°-estimate 
in the case of a big and non nef class. It is possible to see that in this 
case the constants blow-up. This blow-up phenomenon has been one of the 
motivations of our work, which has led us to the proof of Tian's conjec- 
ture |Ti-Ko| . Moreover fixed point methods do not produce a priori the 
L°°-estimate needed to construct singular Kahler-Einstein metrics and to 
investigate their regularity. 

We wish to point out that in a quite recent preprint |Di-Zh| the authors 
claim (in Theorem 1.1) boundedness and continuity of the solutions of some 
particular type of degenerate complex Monge- Ampere equations. No proof 
of this claim seems to be provided. The authors also claim a stability result 
which is not sufficient to imply the continuity of solutions in the degenerate 
case. In fact a sequence of discontinuous functions converging in L°°-norm 
does not have necessarily a continuous limit ! Moreover the same claim (The- 
orem 1.1) has been stated in |Zhl| . |Zh2| . but again no proof of continuity 



seems to be given (see page 12 in |Zhl| and page 146 in |Zh2| ). The argu- 



ments for the boundedness of the solutions in |Zhl| . |Zh2| are quite informal 
in the degenerate case and seem impossible to follow. 

Concerning the stability of the solutions, the continuity assumption is 
quite natural and often available in the applications. In fact in the applica- 
tions one works with smooth solutions provided by the Aubin-Yau solution of 
the Calabi conjecture with respect to variable Kahler forms of type u + ea, as 
in the proof of theorem 16. li This perturbation process is one of the reasons 
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of trouble for the continuity of the solutions. Moreover the stability with re- 
spect to the data / considered in |Di-Zh| is not essential in this context since 
one has L^-compactness of quasi-plurisubharmonic functions normalized by 
the supremum condition. In fact a particular case of the stability result, 
namely Theorem 12.21 B. implies the continuity of the solution of the complex 
Monge-Ampere equation (c^; + iddipY = e'^'^'/^, whenever u; > is a Kahler 
metric and / G Llog""''^L. This fact has been observed also in |Kol2| . 

Finally we mention that a nice and simple proof of the regularization of 
quasi-plurisubharmonic functions in the case of zero Lelong numbers can be 
found in |Bl-Ko| . 
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